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A NEW THEORY FOR STRIATIONS WITH
EXPERIMENTAL VERIFICATIONS

INTRODUCTION

Striations are stationary or traveling-wave variations of the glow plasma parameters along
the longitudinal axis of a positive column. The first observations of standing striations are attri-
buted to Abria in 1843 [1], and moving striations were detected nearly 100 years ago via a
rotating-mirror technique [2]. Over the years many researchers have made measurements with
the objectives of discovering the basic nature of striation phenomena and formulating a theory
which explains how the parameters that characterize the striated positive column such as stria-
tion wavelength and frequency depend on the parameters that characterize the discharge such as
the type of fill gas, its pressure, the tube current, and the positive-column radius. These early
researchers included such well-known names as J. J. Thomson, F. M. Penning, J. S. Townsend,
J. J. Druyvesteyn, I. Langmuir, and L. B. Loeb.

As an understanding of the various glow plasma processes evolved, many theories incor-
porating these processes were put forth in attempts to explain striations. Some of these
theories contained variations on the theme of electrons cyclicly acquiring energy from the longi-
tudinal electric field at one position and losing it via ionization and or excitation at another as
they drifted along the length of the positive column. For example, Penning [3] found that for
the few standing striations that occur at the cathode end of positive columns containing rare
gases the potential EOX, across a striation wavelength approximately equals certain excitation
potentials of the fill-gas ground-state atoms such as the 18.5-volt excitation potential of the 2p
state in neon.

With regard to moving striations, calculations by Druyvesteyn [4] link the cathode-
directed striation velocity to the velocity of the positive ions. Other earlier hypotheses
advanced to explain moving striations are based on such diverse plasma mechanisms as the pro-
pagation of acoustic waves in the neutral-gas component of the plasma [5], ion plasma oscilla-
tions [61, the propagation of ion acoustic waves [7], ion oscillations in a potential minimum in
the negative glow region [8], and anode spot oscillations [9]. In every instance subsequent
experimental data disproved these explanations.

In 1954 Pekarek observed that a so-called wave of stratification could be excited by apply-
ing a pulse disturbance to the positive column of a neon glow discharge tube operating in a
regime of limited current and pressure in which spontaneously excited moving striations do not
occur [10]. Pekarek [11] states: "A direct analogy to the process of the wave of stratification in
other physical media has not been found. It seems, therefore, that phenomena, which are
specific only for discharge plasma, assert themselves in the production of a wave of
stratification. .... Phenomenologically the wave of stratification resembles the transient process
of the production of waves on a water surface after a local aperiodic (impulse) disturbance, e.g.,
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after throwing a stone." On the basis of this notion that the wave of stratification is a generic
phenomenon in glow discharge plasmas of fundamental physical significance, Pekarek has over
the past 20 years formulated a theory which explains striations as being a succession of waves
of stratification that are self-excited by feedback mechanisms that couple disturbances back to
their point of origin.

Pekarek [12] further states: "self-excitation of low-frequency oscillations connected with
moving striations can come about in two different ways [10]. With both these mechanisms the
wave of stratification plays the role of a necessary link in a chain of processes by which the
feedback loop is closed." The two feedback mechanisms advanced by Pekarek involve the exter-
nal circuit and the arrival of a striation in the cathode region [12].

The wave of stratification is currently called an ionization wave, and Pekarek has formu-
lated a wave equation that characterizes its propagation in the glow plasma medium [13].
Pekarek's hypotheses that the ionization wave is a generic wave type in glow plasmas of funda-
mental physical significance such as an ion-acoustic wave and that self-excited striations are the
superposition of propagating ionization waves are currently widely accepted [14]. Given in the
next section is the background leading to the viewpoint that backcoupled ionization waves
explain self-excited striations.

In the third section it is shown how striations are self-excited via an open-loop mechanism
that is an inherent feature of the processes maintaining the charged-particle density along the
column. An analog for the positive column is conceptualized in terms of a trough into which
moving hoppers drop sand. The analog illustrates the basic nature of the open-loop instability
that sustains self-excited striations and shows that the striation phenomenon under considera-
tion does not depend on a glow plasma media per se.

In the fourth section striations are interpreted via a steady-state mathematical model for
the positive column. The model shows how both standing striations and cathode-directed and
anode-directed moving striations can be self-excited via the same open-loop mechanism. The
significance of the Novak potential, the p, r, and s striation varieties, and the quiet regions of
pressure and current values requiring artificial generation of striations is also explained via the
model.

In the fifth section a novel engineering approach is used to formulate a mathematical
model for the striated positive column. The analytical formalism uses a phasor algebra and cal-
culus which is explained in Appendix A and is tantamount to solving the Boltzmann equation
in that the detailed variations in the shape of the electron energy distribution function are taken
into account. The model incorporates parameters that are readily measured by experiment,
such as the quiescent values of Novak's potential, the mean electron energy, the relative frac-
tion of the discharge input power that is dissipated via electronic and vibrational excitations,
and the relative number of electrons with energy in excess of the first electronic excitation
potential. The model applies to both atomic and molecular fill gases and is amenable to numer-
ical predictions, thereby facilitating its experimental verification. In Appendix B the model is
extended to RF-excited positive columns.

In the sixth section the model is used to derive general formulations which predict stria-
tion properties such as frequency and wavelength.
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It is well known that self-excited striations occur only when the discharge current and
pressure are less than certain limiting values. Pupp found that in pure rare gases the threshold
currents and pressures are such that lIp, = C, where C is a constant that depends on the fill gas
[15]. In the seventh section general expressions are derived for I, and p, based on two relaxa-
tion time constants of the electron energy distribution function, one stemming from elastic
energy exchange via electron-electron collisions and the other stemming from elastic energy
exchange via electron-neutral collisions.

The properties of the p, r, and s striation varieties in neon are also predicted via the
model, and the results are compared with experiment. In Appendix C the experimental tech-
niques and apparatus are discussed. Several state-of-the-art measuring techniques in plasmas
were incorporated into an automated facility for measuring striation parameters that was used to
generate spectral-raster and space-time photographic displays of the dependencies of the stria-
tion parameters on two continuous variables: discharge-tube current and pressure.

The neon discharge was extensively investigated throughout the entire plane of reduced
current and pressure in which the p, r, and s varieties of striations are spontaneously generated
and in the quiet regions of pressure and current values, in which regions the p, r, and s
varieties of the wave of stratification were artificially generated and their parameters measured.
The experimental data are presented in Appendix D.

In the eighth section striation phenomena in a Penning discharge of neon with an argon
admixture are discussed. In such a discharge it was found that the values of the Novak poten-
tials for the p and s waves increase continuously as a function of argon concentration and that
the striations are quenched for argon amounts in excess of approximately 0.2%. These observa-
tions are also accurately predicted by the model.

In the final section the model is used to explain the nature of the higher order frequency
spectra of striations.

BACKGROUND OF THE CURRENT THEORY FOR SELF-SUSTAINED STRIATIONS

As depicted in Fig. 1, self-excited striations are standing-wave or traveling-wave variations
in light intensity and other plasma parameters such as charged-particle density, electric field,
and electron energy along the positive column of a glow discharge. Stationary, or standing, stri-
ations are readily discerned by the unaided eye and were first observed over 130 years ago [1].
The velocities of moving striations are large enough that to the unaided eye a positive column
containing them appears to be uniformly illuminated. Moving striations were first detected
nearly 100 years ago by viewing a positive column in a rotating mirror whose rotation rate was
synchronized to the striation velocity [2]. Self-excited striations spontaneously occur unless the
discharge-tube pressure and current are within the ranges of values called quiet regions.

As depicted in Fig. 2, if a transient perturbation is applied to a positive column operating
in a quiet region, a striation phenomenon is excited that consists of localized moving striations
whose amplitudes define a wave-packet-like envelope along a portion of the column. The wave
packet spreads as it moves along the column, and in the case of the rare gases the striations
that delineate the packet envelope move in the opposite direction of the anode-directed wave
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Fig. I - Self-excited striations

CATHODE MOVING WAVE-PACKET ANODESTRIATIONS ENVELOPE

Fig. 2 - Artificially excited anoue-directed ionization wave in a
column containing a rare gas. The bottom sketch shows the same
wave packet shown in the top sketch but at a later time.

packet. After the wave packet reaches the end of the positive column and transient effects dissi-
pate, the column regains its initial longitudinally homogeneous state. This wave-packet-like
transient response of a discharge operating in a quiet region was originally called a wave of
stratification by Pekarek [10] and is now called an ionization wave [14].

Except for their position-dependent amplitudes the artificially excited moving striations
whose amplitudes delineate the ionization wave-packet envelope are essentially identical to the
constant-amplitude self-excited moving striations that are spontaneously generated when the
discharge is operated outside the quiet region. Over the past 20 years a theory for self-excited
striations has evolved that is based on the notion that the artificially excited ionization wave is
the fundamental striation phenomenon in the positive column and that constant-amplitude
self-excited striations are a succession of ionization waves whose wave-packet envelopes have
spread to the extent that they encompass the entire length of the positive column.

According to Pekarek a succession of ionization waves is self-excited by a closed-loop pro-
cess consisting of amplified ionization waves that are backcoupled to their point of origin.
Pekarek [12] advances the viewpoint (Fig. 3) that the propagation of the ionization wave along
the column provides a feed-forward path and that external backcoupling through the circuit or

4

CATHODE

d
11 -- .11 '>

0-411 !_f I---'



NRL REPORT 8261

li 1
EXTERNAL BACKCOUPLING

* - MOVING STRIATIONS

CATHODE - WAVE-PACKET PROPAGATION - ANODE
(FEED-FORWARD PATH)

INTERNAL BACKCOUPLING

Fig. 3 - Current-theory concept of backcoupling mechanisms
for exciting successive ionization waves

internal backcoupling in the cathode region caused by the oppositely directed motion of the stri-
ations within the wave packet provide feedback mechanisms that couple disturbances back to
the point of origin of the ionization waves with sufficient intensity to excite successive ioniza-
tion waves. Pekarek [16] discusses the amplification of the ionization wave as it propagates
along the positive column and concludes that for striations to be self-excited this amplification
must be so effective that it is sufficient to overcome losses not only in the positive column
itself but also in the other links in the chain of backcoupling (external circuit, cathode region,
etc.).

Lee, Bletzinger, and Garseadden [17] examine the gain of the positive column with regard
to propagating ionization waves. They refer to a model by Achterberg and Michel [18] that
represents a discharge with moving striations by an electrical circuit consisting of an amplifying
component (the striating positive column) and a current feedback and point out that the gain of
the column and the amount of feedback which determines the oscillation conditions for such a
circuit depends on the discharge parameters.

A distinguishing feature of the existing theory for striations is that striations are self-
excited by a closed-loop feedback path consisting of propagating ionization waves that couple
disturbances back to their point of origin with sufficient amplitudes to excite successive
ionization waves. In addition to difficulties concerning the nature of the postulated backcou-
pling mechanisms [19], the backcoupled ionization wave theory does not satisfactorily explain
such fundamental striation properties as anode-directed striations, standing striations, Novak's
law, and the r, s, and p striation varieties in neon. The new theory being reported here shows
that backcoupling mechanisms such as Pekarek's are not necessary to explain how striations are
self-excited, and it also provides a unified explanation for all types of striations and their pro-
perties.
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THE NEW THEORY BASED ON AN OPEN-LOOP
MECHANISM FOR SUSTAINING STRIATIONS

The new theory shows how resonant-wavelength striations are self-sustained by an open-
loop mechanism that consists of a transport delay between changes in ion density along a posi-
tive column and the induced changes in the net rate at which ions accumulate in a unit volume
along the column. This delay is an inherent feature of the glow plasma processes that maintain
the ion-density along the column, and it arises as follows.

Figure 4 depicts a constant-amplitude sinusoidal variation in ion density along an

unbounded length of positive column and represents the drifting electron gas by a reference

frame that moves along the column with the electron drift velocity. As the electron gas drifts

past positions such as 1 where a relative deficiency in ion density exists, its energy distribution

begins to evolve toward one that increases the net ion accumulation rate so as to restore the ion

density at these positions to its equilibrium value. Time delays for the redistribution of elec-
tron energies coupled with the drift of the electron gas cause the induced relative increases in
accumulation rate to occur at positions such as 2 that are shifted toward the anode from the
density minimums. The net effect is that a striation in ion density induces a striation in ion
accumulation rate with maximums that are shifted toward the anode from the minimums of the
ion-density striation.

f ELECTRON
ENERGY DISTRIBUTION:

N' '- APOION ®/> AT POSITION (i)

U / /

,,TRANSPORT DELAY
I5 '~ELECTRON-GAS

_ i I REFERENCE FRAME

N PHASE SHIFT

I I X~~~~~~~~~~~~~~~~~~~~N0tA / XIT X\ 
CATHODE LABORATORY FRAME ANODE

Fig. 4 -Transport-delay-induced phase shift between striations in ion
density (N) and in net ion accumulation rate (/;,)
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Figure 5 shows how this phase shift can result in the open-loop self-excitation of resonant
wavelength striations in ion density. If the phase delay in the electron-gas reference frame
between the ion-density minimums and the ion-accumulation-rate maximums is 7r/2, the rate
maximums occur at positions such as 1. This causes the ion density at these positions to
increase above the equilibrium value, and the net effect is a gradual translation of the ion-
density waveform to the left. A phase delay of 37r/2 produces accumulation-rate maximums at
positions such as 2. This causes the ion density at these positions to increase above the equili-
brium value, and the net effect is a gradual translation of the ion-density waveform to the right.

PHASE DELAY BETWEEN THE MINIMUM OF N
N'

AND THE MAXIMUM OF f
In

U

3n/2

i I ELECTRON-GAS

REFERENCE FRAME

N Nj I~~ ~ ~~~ t fI CONSERVATION RELATION:

N I X (N Xdt

No…
LAOATORY FRAME

CATHODE A ANODE X

Fig. 5 - Open-loop mechanism by which resonant-wavelength striations are self-
sustained as cathode-directed or anode-directed moving striations

Such an argument illustrates the open-loop mechanism by which resonant-wavelength
ion-density striations can be self-sustained as cathode-directed or anode-directed moving stria-
tions. The following more formal argument substantiates this conclusion.

Due to the integral in the conservation relation (at the right in Fig. 5) an accumulation-
rate striation generates a density striation that lags the rate striation by 7r/2. Therefore, if the
wavelength of a density striation is such that the induced striation in accumulation rate leads
the density striation by 7r/2, the induced rate striation will in turn generate a new density stria-
tion that lags the rate striation by 7Tr/2, so that it is exactly in phase with the initial density stria-
tion, thereby sustaining it. A phase delay of 7r/2 in the electron-gas reference frame between
the minimum of N and the maximum of An makes the rate striation lead the density striation by
7r/2 for cathode-directed striations, thereby sustaining them, and a phase delay of 37r/2 makes
the rate striation lead the density striation by 7r/2 for anode-directed striations, thereby sustain-
ing them.

Predicting the properties of striations in positive columns requires a detailed understand-
ing of the interrelated glow plasma processes by which a density striation ultimately induces a
certain phase striation in accumulation rate. Before this aspect of the theory is addressed, it

7
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should be pointed out that not only are self-excited striations not a succession of backcoupled
ionization waves but self-excited striations are not even a feature just of positive columns, since
a number of longitudinally distributed systems exhibit these types of striations due to open-loop
transport delays. To illustrate that striations can occur in systems other than positive columns
and to emphasize the basic nature of the open-loop instability leading to striations as well as
clarifying the difference between self-excited striations and artificially excited ionization waves,
an imagined electromechanical analog of the positive column is briefly discussed.

Figure 6 is a front plan view of the analog, which consists of a trough oriented along the
+x axis and an overhead conveyor belt moving in the +x direction with velocity Ub that is parti-
tioned so as to form many individual hoppers that dispense sand from adjustable pour valves.
The vertical dashed lines conceptually partition the trough into many unit lengths, each of
which contains an adjustable leak valve. The sand level and thus the number of sand particles
N in a particular unit length along the trough is controlled by the hoppers according to the fol-
lowing scheme as they one after another pass over that unit length. Each hopper contains an
identical servo system that senses the sand level and thus senses N in the unit length of the
trough that is below the hopper at the time. The primed notation indicates parameters as per-
ceived in the moving reference frame of the conveyor belt, and unprimed quantities are as
observed in the reference frame of the trough. As depicted in Fig. 6, N is perceived as N',
which generates a control signal C' that in turn modulates the pour rate P' from the hopper
valve and, via the transmitted signal L', the leak rate L from the underlying leak valve. The
hoppers also transmit the control signal C' which is perceived by the underlying unit lengths as
C, and C in turn causes by some mechanism not shown a sand-particle drift velocity in the -x
direction. Thus, in addition to sand particles entering a unit length of the trough from the
overhead pour valves and leaving via the leak valves, they also ingress and egress via the end
sections of a unit length, so that P,, the net sand-particle accumulation or leak rate in a particu-
lar unit length of the trough, is modulated by the hoppers as they pass over that unit length.

The following correspondences exist between the analog and the glow-discharge positive
column. The trough corresponds to the positive column, the sand particles to the ion-electron
pairs, the control signal to the longitudinal electric field, the conveyor belt and hopper servo
systems to the electron gas and electron energy (9) distribution function f , the pour rate to
the ionization rate, and the leak rate to the ambipolar recombination rate. In the positive
colurrmn the drift of the electron gas relative to the striations in electric field induces modula-
tions in the shape of l.a with time constants that depend on the particular energy interval. For
example, the relaxation time constants for variations in the high-energy tail of f . determines
the phase of the striation in ionization rate, whereas a different time constant for variations in
the body of fg determines the phase of the striation in ambipolar recombination rate. The
variations in the shape of f g are modeled by the hopper servo system transfer functions, H,
Hi.P, and Hi., in Fig. 6. The control law of the hopper servo system adjusts the net accumula-
tion rate P, of sand particles in each unit length along the trough so as to maintain overall
along the trough a constant quiescent sand level No.

Figure 7 illustrates the open-loop mechanism by which initial resonant-wavelength stria-
tions in sand level are self-sustained as moving striations in the +x or -x direction. As the
hoppers move past positions such as 1, where a relative deficiency in sand level exists, an
increase in the net sand accumulation rate P,, is commanded in order to restore the sand level
at these positions to its equilibrium value. However, delays associated with the hopper servo
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Fig. 6 - Control system by which a conveyor belt with hoppers
could try to maintain a constant sand level along a trough

PHASE DELAY OF THE HOPPER SERVO LINK

BETWEEN THE MINIMUM OF N AND
THE MAXIMUM OF t,

0- 3n/2

Ub n"2~~Cog
CONVEYOR BELT X

I I SAND-LEVEL ! I|n
STRIATION I 

Fig. 7 - Open-loop mechanism by which resonant-wavelength striations in the sand level
in Fig. 6 are seIl-sustained as moving striations in the +x or -.v direction

system cause the commanded relative increases in sand accumulation rate to be shifted in the
+x direction from the relative minimums in sand level. Thus a sand-level striation induces a
striation in sand accumulation rate with maximums that are shifted in the +x direction from the
minimums of the sand-level striation. If the phase delay between the sand-level minimums and
the sand-accumulation-rate maximums is 7r/2, the rate maximums occur at positions such as 2.
This causes the sand level at these positions to increase above the equilibrium value, and the

9
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net effect is a gradual translation of the sand-level waveform to the left. A phase delay of 37r/2
produces accumulation-rate maximums at positions such as 3. This causes the sand level at
these positions to increase above the equilibrium value, .and the net effect is a gradual transla-
tion of the sand-level waveform to the right. The phase delay between the N and P, striations
results from an open-loop mechanism consisting of the motion of the conveyor belt coupled
with the time delays of the hopper servo systems. A resonant-wavelength striation N results in
the unique phase delay of 7r/2 or 37r/2 for which P, leads N by exactly 7r/2, thereby sustaining
±+x-directed sand-level striations.

If the gain of the hopper control links is such that the operation is conditionally stable, an
initial constant sand level along the trough will be maintained regardless of the phase delay of
the hopper servo system. If the operation is perturbed, say by depositing a pile of sand at some
point along the trough, a transient ringing response is illicited in the form of a packet of local-
ized sand-level striations. The direction of the localized moving striations that delineate the
packet envelope depends on whether the phase delay of the hopper servo system is in the vicin-
ity of 7r/2 or 37r/2, and the direction of the wave packet depends on whether the conveyor-
belt-and-hopper mechanism carries the disturbance in the +x direction faster or slower than the
drift of the sand particles in the -x direction. The disturbance does however move off in one
direction or the other, and ultimately the sand level in the vicinity of the point of perturbation
regains the initial constant level. This longitudinally propagating transient response is analagous
to the ionization wave in a positive column. Since the conveyor-belt-and-trough mechanism is
not bounded in length, self-excited striations are sustained by an open-loop transport-delay-
induced phase lead of a rate striation relative to a density striation and not by a succession of
transient responses caused by a backcoupling of transient disturbances.

INTERPRETING STRIATIONS VIA A STEADY-STATE MATHEMATICAL
MODEL FOR THE POSITIVE COLUMN

Figure 8 is a block diagram of an electrical circuit equivalent to a steady-state mathemati-
cal model for the positive column. This model was derived by using a phasor representation for
striations and a phasor calculus (Appendix A); these were used in the set of integral-differential
equations that describe the pertinent glow-discharge processes in a striated positive column.
Each block in this diagram characterizes the steady-state nature of one or a combination of
these processes via a phasor magnitude-phase transformation.

The upper portion of the diagram (large rectangular dashed block) is like a radio-
frequency (RF) link in that it accounts for the high-frequency variations in the distribution of
electron energies that are caused by the drift of the electron gas relative to the striations in ion
density. The lower block H55 is like an intermediate-frequency (IF) link in that it accounts for
the low-frequency variations in ion density in the laboratory frame that result from the integra-
tion of the net ion accumulation rate; that is, H55 models the conservation relation for ions.
The local oscillator and mixers account for the frequency translation between the laboratory
frame and the primed frame that moves with the electron gas.

In the RF link the H,,l block models the longitudinal ambipolar and conduction electric
fields, the Ha block models radial ambipolar diffusion, and the Her, H 1... and H0 , blocks
model respectively the electron-ground state, metastable-metastable, and electron-metastable
ionization mechanisms, all producing singly ionized atomic ions. The H0,,1 block models the
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Fig. 8 - Electrical circuit that is equivalent to a steady-state mathemat-
ical model of the glow-discharge positive column

divergence of the longitudinal ion drift current. The subtractor gives the phasor difference
between ionization fi and recombination f, rates, and the adder at the left gives the net ion
accumulation rate f,

That the steady-state model of the striated positive column diagrams as a closed loop does
not imply that the column functions as a feed-forward or a feedback link in a physical closed
loop as in the backcoupled ionization wave theory. The significance of this diagram is that a
striation in ion density along an unbounded length of column will modulate the distribution of
electron energies of the drifting electron gas, thereby ultimately producing a certain phase stria-
tion in net ion accumulation rate that is integrated by the column to obtain a new striation in
ion density along the column, thereby completing the chain of events that maintain the ion
density along the column.

A resonant-wavelength ion-density striation corresponds to a net phase shift around the
frequency translated RF-IF loop in figure 8 of 2iT, so that the new striation in ion density is
exactly in phase with the initial ion-density striation, thereby sustaining resonant-wavelength
ion-density striations along the unbounded length of positive column. Standing striations
correspond to self-sustained oscillations of this frequency-translated RF-IF loop with the IF at
zero beat, and anode-directed and cathode-directed moving striations correspond to oscillations
on either side of zero beat.

Since the electron-gas drift velocity u is much greater than striation velocities, an observer
moving with the drifting electron gas perceives all types of striations (cathode-directed and
anode-directed moving striations and standing striations) as cathode-directed moving striations
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with approximate striation velocity u. Therefore in the primed frame that moves with the elec-
tron gas the frequency of the striation-induced variations in the plasma parameters is given
approximately by u/X 5 for both standing striations and anode-directed and cathode-directed
moving striations, where XA is the striation wavelength. The phase lag through the RF link
determines the phase of fn relative to N'. The RF-link phase lag in turn depends on the stria-
tion frequency u/IX perceived by the drifting electron gas and on the sense of an inequality
between relaxation time constants for changes in the shape of the electron-gas energy-
distribution function in the energy intervals pertinent to ionization and ambipolar recombina-
tion. For one sense of this inequality fa lags fi., which results in a resonant value of X, such
that fi lags N' by 37r/2, thereby causing fn to lead N' by ir/2 for cathode-directed striations
(Fig. 9). For the opposite sense of the inequality fi lags fa, which results in a resonant value
of X, such that f,; lags N' by 7r/2 , thereby causing fn to lead N' by 7r/2 for anode-directed stria-
tions (Fig. 9). The sense of the inequality depends on the nature of the fill gas and on the
exact discharge conditions. For atomic gases fa lags fin, resulting in an RF-link phase lag of
37r/2 for resonant-wavelength cathode-directed striations. The low energy level inelastic losses
in molecular gases tend to reverse the inequality, resulting in an RF-link phase lag of 7r/2 for
resonant-wavelength anode-directed striations.

0
u > PHASE LAG THROUGH

THE RF LINK
3n/2

n/_ ELECTRON-GAS

FRAME

N N f,

CX~~~~~~~~~~~~LBRR FRAMECATHODE | ANODE
Fig. 9- Phase lag through the RF link for cathode-directed and

anode-directed striations

For some ranges of discharge conditions the fi - f and 4A contributions to J,; tend to be
of equal amplitude and opposite phase. When cancellation is exact, striations are sustained that
are stationary in the laboratory frame. However, in the frame of the drifting electron gas the
mechanism that sustains standing striations is a dynamic balanced null in which the contribution
of i7 - to J/; exactly cancels the contribution of fme. If the null unbalances, an f,, is pro-
duced with the correct phase to cause the striation to move in the anode or cathode direction.
This explains the frequently observed slight erratic drift of standing striations toward the
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cathode or anode. Also, the dependence on discharge conditions of the time-constant inequal-
ity that determines the phase of 17 relative to fa explains how, for some gases, striations
undergo a transition between cathode-directed, standing, and anode-directed striations as the
discharge current or the pressure is changed.

The phase lags associated with the individual RF-link blocks HIC,, Hea, Her, etc. ultimately
determine the RF-link phase lag. Relaxation time constants T are associated with each of these
blocks, and the phase lags 0 of the blocks are of the form 0 = tan-l (i- T, where ao) = 27Tu/A5
is the angular striation frequency in the reference frame of drifting electron gas. Analyses in
the next sectio.1 show that T is inversely proportional to N(E 0 u), the average number of
electron-volts per second gained by the electron gas as it drifts in the quiescent longitudinal
electric field E0. Therefore (oi 7 cr (u/Al) (/Eou), so that 0 depends on the parameter EOA5 .
The RF-link phase lag therefore depends on EOAX, and the significance of Novak's law is that as
discharge conditions change, the constant RF-link phase lag of in/2 or 37n/2 required to sustain
anode-directed or cathode-directed striations in turn requires a constant value of E0A5 .

The r, s, and p striation varieties in neon are a consequence of the fact that the net phase
lag through the RF link depends on which of the three ionization-rate variations dominates the
phase of fs, the net variation in ionization rate. For lower reduced pressure pR, electron-
ground state ionization dominates the phase of 1i', and the RF-link phase lag is via the Her
block, resulting in the distinct value of EOA5 associated with the r-variety striation. For inter-
mediate values of pR, metastable-metastable ionization dominates, resulting in the p-variety
striation. For higher pR values, electron-metastable ionization dominates, resulting in the s-
variety striation.

When the discharge is operated in the quiet region, all three ionization mechanisms con-
tribute approximately equally, so that none dominates the net ionization rate. Self-excited stria-
tions are not possible under these conditions. However, if such a column is perturbed, varia-
tions are imparted to all three ionization rates, leading to a transient ringing response of the
column that is currently interpreted as the simultaneous generation of ionization waves of the
r, s, and p varieties.

THE DERIVATION OF THE STEADY-STATE MATHEMATICAL
MODEL FOR THE POSITIVE COLUMN

The integral-differential expressions for the various pertinent glow-discharge processes in
a striated positive column were formulated by using a hybrid hydrodynamic-kinetic approach
based on the hydrodynamic equations of motion of the interpenetrating gaseous mixture of
ions, electrons, and neutral atoms or molecules and on the relaxation characteristics for changes
in the shape of the electron energy distribution function f , as the electron gas drifts along the
column. The neutral gas interacts with the ion and electron gases only through collisions. The
ion and electron gases, however, interact with each other even in the absence of collisions
because of the space-charge electric fields they can generate.

Normally one would solve for the space-charge electric field Es generated as a conse-
quence of slight unbalances in ion and electron densities by using Poisson's equation. How-
ever, for low-frequency motions of the electron and ion gases, such that density unbalances
tend to develop at a rate much less than the electron and ion plasma frequencies, the inertia of
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the electron and ion gases is not a factor; that is the plasma has an overriding tendency to
remain neutral, so that if the ion density NP changes, the electron density Ne adjusts, essentially
without delay, to make NP - Ne . Consequently, for the low-frequency motions of the ion
and electron gases encountered in moving striations, it is permissible to assume that NP= Ne
and that V - X5 • 0 at the same time. This is known as the plasma approximation and is
essentially a statement that the space-charge density is of secondary importance, it will keep
adjusting itself so that Poisson's equation remains satisfied, and that the space-charge electric
field is determined from the hydrodynamic equations of motion via the required balance of
forces on the drifting electron and ion gases.

Since the plasma approximation allows the assumption NP = Ne, the subscript from the
ion and electron densities is deleted, and N is used to represent the volume density of ion-
electron pairs. Also, to simplify the notation, the plasma parameters of the ion gas are sub-
scripted with a p, and the more frequently referred to plasma parameters of the electron gas are
not subscripted.

The ion and electron gases tend to be accelerated along the longitudinal axis of the posi-
tive column (taken as the +x axis in the cathode-to-anode direction) under the combined forces
due to space-charge electric fields, pressure gradients, and friction due to collisions with the
neutral gas molecules. However, since the inertia of the ion and electron gases is zero, the net
resultant force on the ion and electron gases due to the above-mentioned effects must also be
zero. Thus the space-charge electric field is constrained to a value that produces electrostatic
forces on the electron and ion gases that exactly cancels the forces on these gases due to pres-
sure gradients and collisional friction with the neutral gas molecules.

It is convenient to conceptually decompose the net longitudinal space-charge electric field
E into two components: an ambipolar electric field Ea that cancels the force due to pressure
gradients in the electron gas and a conduction electric field EC that just balances the viscous
retarding force due to electron-neutral collisions as the electron gas drifts along the positive
column. E. and E, are given by

E(.=- M fig u (1)
e

and

eN' (2)

where m, is the electron mass, e is the electron charge, f( is the electron-neutral collision fre-
quency, u is the electron drift velocity, and p,, is the partial pressure of the electron gas.

Comparing Eq. (1) with the form u = AE. defines the electron mobility as

= (e/m,)f7.-'. (3)

The conduction current I in the positive column is essentially due to the drift of the elec-
tron gas and can be written as

J7. =-eNu= (4)
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where I is determined by the current source energizing the discharge and R is the radius of the
positive column.

The conservation of the net space charge requires that

v., J, = - ap'lat, (5)
where p5 = e(Np - Ne) is the net free-space charge. Since NP = Ne for low-frequency varia-
tions of NP and Ne when the plasma approximation is valid, V, c J, = 0.

That this is true may also be seen by noting that the relaxation time constant for the
decay of free charge T. in a medium with conductivity (- is given by T. = Ed/o-. For glow plas-
mas T. is of the order of 0.1 ns, so that for frequencies as high as approximately 10 GHz
V, * J, is essentially zero. The constraint V. * J, = 0 implies that there is no spatial variation
in J,, or that J1 = 0.

Using u =1ME, in Eq. 4, writing the result in phasor notation (Appendix A), and using
J, = 0 gives the following phasor transfer-function relation:

E, = [I1 isJ (N + i1) . (6)
The interpretation of Eq. 6 is that when striations are present, the plasma conductivity is spa-
tially and temporally modulated. The fast relaxation time constant for the decay of free-space
charge in the conducting plasma results in a homogeneous conduction current along the length
of the positive column. The uniform conduction current causes a spatial and temporal modula-
tion of the conduction electric field that is exactly out of phase with the modulations in the con-
ductivity.

The variations in the electron-gas partial pressure pn along the column cause the charged
particles to diffuse longitudinally from regions of high p,, toward regions of low p,,. Diffusion in
a glow plasma is ambipolar, since, to preserve charge neutrality, the charged particles must
always move as ion-electron pairs. Since the free-diffusion coefficient for electrons D is much
larger than that for ions, a steady state develops in which a slight residual positive space charge
exists .in the regions where p, is large. In resulting longitudinal ambipolar electric field Ea
impedes the diffusion of the electrons and assists the motion of the ions. In fact Ea is of such a
magnitude that it essentially determines the motion of the ions, their self-diffusion being negli-
gible.

The customary plasma-physics interpretation of electron temperature is

= KI XI?, (7)
e

where Te is the electron temperature in kelvins, i, is the mean electron energy in electron-
volts, and Kf is a constant of the order of unity whose exact value depends on the particular
form of the electron energy distribution function f .

Using Eq. 7 in Eq. 2 gives

= K VX(eW,.lN) (8)
Ea=Kt N(8
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The significance of Eq. 8 is that as the electron gas drifts along a striated positive column, a
longitudinal ambiplar electric field develops that produces a net electrostatic force on the elec-
tron gas that exactly neutralizes the diffusive forces due to gradients in electron temperature
and density.

Using phasor notation in Eq. 8 and equating like terms gives Eao = 0 and the following
phasor transfer-function relation:

Ea. 0 Ea = [KI', 0 k5 [E/2] (1N + e',,). (9)

Using phasor notation in the relation E = E, + Ea gives

E E,, 0 a (10)
Eo

and using Eq. 6 and 9 and the relation k5 27n/A5 in this equation yields

E= [is] (I + a) + 2 27r ,[. rlr/21 (N + ). (11)

The relative phase relationship between the phasors E, N.,a, and 9,, depends on the Novak
potential Eo As

The charged particles in the positive column are lost due to recombination of the ions and
electrons. In a glow-discharge plasma the rate of volume recombination is negligible compared
with the rate at which the charged particles diffuse to the tube walls, where recombination more
readily occurs. This radial diffusion is also ambipolar; that is, the charged particles move to the
wall in ion-electron pairs. The average recombination frequency per charged particle due to
ion-electron recombinations via radial ambipolar diffusion to the column wall is

fa = (2.4/R)2 A, (D/,a), (12)

and f, is the net average ionization frequency per electron, which is the superposition of the
ionization frequencies due to several distinct ionization mechanisms

The volume production and loss rates of ion-electron pairs due to ionization and ambipo-
lar recombinations are

P= fN (13)
and

L = faN. (14)

The net charged-particle balance in a unit length of the column also depends on any net unbal-
ance in the charged-particle currents into and out of the ends of a unit length of the column.

The positive ions move in accordance with the electric field, and the electrons follow so as
to preserve charge neutrality, so that the longitudinal charged-particle current referred to is not
a conduction or net current but rather a flow of ion-electron pairs and is given by

Jp = bp N E. (15)
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The conservation of charged particles in a unit length of the column requires that

dN/dt = (P -L) - V * Jp. (16)

Using Eqs. 13 through 15 in Eq. 16 and writing the result in phasor notation gives the
relation

N = H.,,, ,, (16')

where

H,,, = faJ Si b ±n/2 (17)

and

f, (17 1a) + fpx (18)

in which

tpx = [Hex] (E + N), (19)
where

ex= [ (A0 R) T/2 1 (20)

In the substitutions leading to Eq. 20 the approximation 2r= 5.76 and DOIAO errs,0 were
used.

The phasor transfer function 1H, 1, models the conservation relation for charged particles
and expresses that with regard to the accumulation of ion-electron pairs the positive-column
envelope is an ideal integrator. The quiescent ambipolar recombination rate fa,,o is the relaxa-
tion frequency for changes in ion density, and the integration gain, I H11,1, depends on the ratio
of fa o to the angular striation frequency WS.

The term 1i - f' represents the modulation of the net accumulation rate of ion-electron
pairs via ionization, and the term f4 accounts for the modulation imparted to the net influx of
ion-electron pairs into a unit length of the positive column due to the divergence of the ion
current.

Since Ia cc D/8(, fa is given by D- 1. As the following formulations will establish, the
plasma-parameter phasors "b., Db, A, and 17, are fundamental quantities that are uniquely deter-
mined by the modulations in the shape of fir induced by the drift of the electron gas in the
striated longitudinal electric field E. Thus the relationships will be shown that 1i7 and fa are
determined by E and that E is in turn uniquely determined by N via the iterative process
represented by Eq. 11. Showing these relationships validates the basic form of the steady-state
mathematical model presented in Fig. 8.

Since a hydrodynamic treatment of the glow-discharge plasma essentially attributes to each
electron comprising the electron gas an energy equal to the mean energy of the entire electron
gas, it cannot account for particular electrons in the electron gas which have energies that can
cause specific quantum-mechanical excitations to or transitions between particular quantum
states or energy levels of the neutral gas atoms or molecules. Consequently, the hydrodynamic
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approach is not suitable for determining the modulation of the various ionization mechanisms
relative to E or the modulations of other plasma parameters that depend on the instantaneous
energy state of the electron gas such as b and ft.

The spatial-temporal dynamic state of the electron gas in the positive column of a glow
discharge tube is rigorously defined by an electron distribution function in a six-dimensional
phase space, such that fe(r, v, t) represents the electron distribution function, with the three
components defining the space vector r, the three components defining the velocity vector V,
and the time dimension t comprising the variables. In the case at hand (a quasi one-
dimensional analysis of a glow discharge plasma along the longitudinal axes of the positive
column) the electron energy distribution function adequately describes the spatial-temporal
dynamic state of the electron gas.

In the normalized electron energy distribution function denoted by f g (S, x, t) the three
spatial dimensions are accounted for in the vairable x, the three velocity dimensions are
accounted for in the energy variable e, and, as before, the time variable is t. The function f g
is uniquely determined by the nature of the fill gas and by the reduced electric field E/p, and
f./ in turn determines all of the plasma parameters of the electron gas such as N, D, and /1, so
that the modulations of the plasma parameters relative to E depend on the nature of their
dependence on f g and the modulation imparted to f g by E.

The following additional plasma parameters are required to define the state of the glow-
discharge positive column: fx, the average electronic excitation frequency; fir, the direct elec-
tron neutral ionization frequency; f.5, the stepwise electron-metastable ionization frequency; fi,,
the stepwise metastable-metastable ionization frequency; nx and nr, the relative number of elec-
trons with energies in excess of 9r and A,, the excitation and direct-ionization potentials; and
n1, the relative number of electrons in the low-energy tail of f .

Figure 10 shows which energy intervals of f g are important in determining these various
plasma parameters. This figure also emphasizes that the form of f , results from a dynamically
balanced quiescent state in which the average number of electrons per second entering each
energy interval just equals the number leaving. Each of the various pertinent energy intervals
or regions of energy space such as 71 and oqr are analogous to parallel RC circuits driven by
current sources in that, for example, the parameters fx and fir represent discharge currents (the
relative number of electrons per second leaving 71x and Or) and ix and i, represent charging
currents (the relative average number of electrons per second entering qx and '7r via energy
gain from the field E). As the figure shows, the net discharge current from the high-energy tail
of f , fx + 2fjr, is the charging current for n1 the low-energy tail of f,. The fir term has the
factor 2 because each ionization of a ground~state neutral produces two low-energy electrons,
whereas each excitation produces one low-energy electron. In the regime of relatively low
discharge currents where striations occur, electron-electron interaction is neglible, so that elec-
trons with mass m in the body of Jg lose energy only by elastic or vibrational collisions with
the neutral atoms or molecules with mass M. In an elastic collision they lose on the average
the fraction 2m/M of their initial energy, and in the case of molecular gases, when they excite
vibrational energy levels they lose but a few tenths of an electron volt. The energy loss due to
the excitation and ionization of metastables by electron impact is negligible compared with
losses due to elastic or vibrational collisions. Thus there is essentially no discharge current
from the body of J , and fx + 2fir is like a circulating current between the low-energy and
high-energy tails of 1 g.
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Fig. 10 - Circulating current in energy space between n, and nap and
the regions of .f, that determine /g, D, fIs, f/ and /Ir*

Figure 11 depicts an energy-vs-time history of an electron as it drifts along the positive
column. This diagram is typically for lower discharge pressures and emphasizes the stochastic
nature of the cyclic energy gain or recirculation current process by showing an electron with an
initial low energy at t = 0 gaining energy gy and then making excitations in various time inter-
vals f jl, fr-2, f,-l, f -4, etc., with these intervals only on the average equaling fA The elec-
tron drift along the positive column is essentially a random walk that is slightly biased in the +x
direction by E; an electron gains energy from E when its trajectory between collisions has a
component along E, and it loses energy to E when its trajectory between collisions opposes E.
An electron might typically gain or lose as much as 1 eV between collisions; however, if the net
energy gain during an average excitation interval fy 1 is averaged over the number of collisions
that the electron makes before gaining S, the average energy gained per collision is typically
0.1 eV or less.

As an electron drifts along the positive column, it gains on the average E0 uo eV/s from
the field. The fraction of energy gain Cr is due to the cyclic gain of K, in the average time of
f1 and the fraction Cr, is due to the cyclic gain of g'r in the average time fir1, so that

C(Eou0) = x x (21)

and

Cir(Eo uo) = Krfi, (22)

In the same vein the average energy loss that is due to elastic and vibrational collisions is
(2m/M) f( X,, and s.o,, SO that

C(Louo) = | M| t,,, (23)
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Fig. 11 -Typical electron energy-vs-time history for low pressure such
that energy is lost predominantly by electronic excitation

and

C, (Eo uo)=zf, (24)

where f, is the average electron-neutral collision frequency, f, is the average vibrational excita-
tion frequency based on the average vibrational energy 9, and M is the mass of the fill-gas
atom or molecule.

For atomic gases one can define a mean energy for elastic balance K,,b based on the
assumption that elastic losses account for the entire energy input to the electron gas, so that on
the average an electron with energy 9 .,.,b losses at each collision exactly the energy it gains from
the field between collisions and thus is in a state of energy balance.

The expression for ,,,h follows from Eq. 23 with C, = 1 and is

,,b = 20A, l (AWg)t/ 2 (EO/p), (25)

where XA I is the electron-neutral mean free path at 1 torr and A W, is the atomic weight of the
fill gas.

For higher pressures g'nb < 'x, and electrons drift along appreciable lengths of the posi-
tive column before the random fluctuations inherent in the dynamic elastic energy-balance pro-
cess result in a large enough energy excursion above 9,,b to cause an electronic excitation. A
typical electron-energy history at higher pressures is depicted in Fig. 12. As p decreases, 0,,,b
increases, decreasing the magnitude of the random energy excursion above ,b necessary for
excitation, which results in a corresponding increase in fx, Finally, at lower pressures Fig. 11
applies, with Kmb > ?x, ix correspondingly large, and electronic excitation accounting for
essentially the entire energy input to the electron gas. In all pressure ranges, however, an elec-
tron makes many excitations before making an ionization, and on the average it makes exactly
one ionization before it migrates to the tube wall via ambipolar diffusion and recombines with a
positive ion.
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Fig. 12 - Typical electron energy-vs-time history for high pressure
such that energy is lost predominantly by elastic collisions

In Ref. 20 Cx, Ce, C,, and Cir as a function of E0 /p were determined experimentally for
a number of gases by passing a small electron current between parallel plates so that E0 /p could
be varied over a wide range of values. The results for neon, argon, nitrogen, and hydrogen are
given in Fig. 13. In the positive column E0 /p is determined by the balance between the pro-
duction and loss of charged particles; however, for the low discharge currents of interest for a
striated column, the functional dependencies of Cx, Ce, Cv, and Cir on E0 /p in the positive
column are essentially the same as the ones in these figures. These data show that in the lower
pressure regime (high E01p) electronic excitation is the dominant loss mechanism for both
atomic and molecular gases and that in the higher pressure regime elastic losses predominate
for atomic gases and vibrational excitation losses dominate for molecular gases.

In the case of a striated positive column the shape of f w continuously varies in a compli-
cated but periodic manner, so that Fig. 10 represents in some sense the temporally averaged or
quiescent shape of f. Likewise, the circulating current depicted in the figure between the
high and low energy tails of f0, which is essentially equal to fix, is the quiescent value fix,0.

As mentioned previously, the four pertinent regions of f g (inl, the body of v,, 7mxi and
n7r) are analogous to parallel RC circuits with the input-output current pairs shown in Fig. 10
and with the respective analogous RC time constants T7, Tb, Txr and Tir. Consequently, in the
striated column the modulations imparted to the output current from each of the various
energy regions of fk lag those imparted to the input current by an angle for each region kr(&)
given by

<t,(,,5) = tan-'(), 7r), (26)

where 7Tr is the region's relaxation time constant and a)o = uok, is the angular frequency of Ein
the reference frame of the drifting electron gas. The inverse RC time constant of a parallel RC
circuit is equal to the quiescent discharge current per unit charge: (RC)-t = Tr = I1/Qo. The
charge on the capacitor Q0 corresponds to the relative number of electrons in a particular
energy interval, so that the corresponding inverse RC time constant for 71x, for example, is

x = fx, 0 /nx, 0o (27)

21



E.E. KEMPE

100'
V0/1

EO/p (V/ torr-cml

0.3 1 3 10

(a) Neon

01 0.3 1 3 10 30
0 E./p Mtorr-cm)

(b) Argon

0.1100% r- 0.3 1 3 10 30 100

80 1 _ _ .1 _ -,I_

60 - - __ _ _ ___ _ _ __ _ _ _

40 I_ I_ __ _ __ _ _ _

0 __ _ _ _

(c) Nitrogen

80 _____ _

60 -_ _ __

40[ c

0.1 0.3 1 3 10 30 100
,l Ep (V/cm-torr)

(d) Hydrogen

Fig. 13 - Dependence of C,, Cx, and Cj, on Eo/lp in a gas discharge

since nx.0 and fixo correspond respectively to the quiescent values of the capacitor charge and
discharge current per unit charge.

Thus in the striated discharge ix lags ix, by the angle 'kex(w), given by Eq. 26 as

ex(W I) = tan- (a), r,). (28)

The striated field E modulates i, by modulating the component of XA in the direction of E0,
that is, by modulating the extent to which an electron's random walk is biased in the +x direc-

tion. The time constant for this process is of the order of f,-', and, since fi > > co, ix follows
changes in E essentially without delay, so that ix is in phase with E. Thus, if the phasor

transfer-function format is used, the dependence of fx on E can be written as

Jx = [Hex ((),, me) It,

with

Heex(.s, me) = Gex (ra5, me) ___IN _ )

where

Gex(Cos, me) = Gexo(me) COSbOkx(CO.)]
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and 0,Yjaw.) is given by Eq. 28. Gero(me) characterizes the nonlinearities associated with the
modulation of the shape of f g in the energy interval g >, W and the dependence of the
nature of the nonlinearity on me, the modulation index of E, as discussed in detail in Appendix
A.

Equations 28 through 31 constitute a general prototype phasor transfer-function format
that characterizes the modulation of a plasma parameter that depends on f g. In subsequent for-
mulations, this format should be assumed to hold unless otherwise stated, and only the analyti-
cal expressions for (te and T,,, will be given, where the subscript ej denotes that the modulation
of the jth plasma parameter depends on the modulation of the longitudinal electric field E via
its modulation of the shape of fJg in the particular energy range A Won which the jth plasma
parameter depends and where Trj is the effective RC or relaxation time constant for modula-
tions in the shape of f1 in that particular energy interval A F.

An expression for ke,(wr~) that is based on the experimentally determined parameter Cx
whose E0/p dependence for various fill gases is given in Fig. 13 can be formulated as follows.
Solving Eq. 21 for f, o gives

0 = C, EL0uo, (32)

where C.0 denotes the quiescent fraction of the total input power to the electron gas Eouo that
is dissipated via electronic excitation. Using Eq. 32 and 27 and the relation wS = 27ruo/A5 in
Eq. 28 yields

0kex(') tant [2 ( 33x o 3)

where 71x o, the quiescent fraction of electrons with energies in excess of 9', can be determined
by Langmuir probe measurements.

The ratio n, dC. o in Eq. 33 is approximately constant as E0dp changes, since for a given
fill gas the quiescent fractional dissipated power due to electronic excitational losses is approxi-
mately proportional to the quiescent relative number of electrons with energies in excess of K,
Novak's law, EOX, = constant, stems from the constraint that the RF-link phase lag remain
constant, where ke(r(EOA5) given by Eq. 33 contributes to the net phase shift through the RF
link.

Similar to Eq. 27 the equation for the effective inverse RC time constant for the modula-
tion of n, is

fir,0 + iri0 (34)
O1r

Electrons in s7r lose energy by excitation and by ionization, but since their energy is consider-
ably greater than F, and only slightly above Ar, their probability of excitation exceeds consider-
ably their probability of ionization, and the primary energy loss mechanism for these electrons
therefore is excitation. Consequently f.i0o, the average quiescent excitation frequency for the
electrons in -qr, is considerably larger than fir.0, their average quiescent ionization frequency.
Further, Trr is slightly less than Ti, since electrons in rq, have a slightly larger average energy
loss per collision than do electrons in q,. Thus r lags i by an angle O erG'-) that is slightly
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smaller than (1ex(() However, 4; depends on both Eand 71x, so that i, lags Eby a small angle.
This effect approximately offsets the smaller lag angle ,er(ws), so that A, is approximately in
phase with fix and tip cS ix.

Since i1 0, the quiescent discharge current from I7 1 , is equal to x O, the quiescent charging
current, then T/, the corresponding inverse RC time constant for q1S, is given by T7- = ix ,/ ,0.

Electrons in n, have low enough energies that their trajectories between collisions are bent in
the direction of EO; hence the previous argument that E modulates the mean free path in the
direction of Eo that led to ix cc E does not apply for i1. In fact, since electrons in nt gain
enough energy to leave n, within a few collision periods, the concept of a mean free path is not
applicable, and it oc / in much the same manner as~for a vacuum diode operating in the space-
charge-limited regime. Thus, 'ij lags ix by the angle

[ 2ir X'r fni o (5

kxiG.°s) = tan E A, I Cx | (35)

where as before Tho the quiescent fraction of electrons with energies less than a few eV, can
be determined by Langmuir probe measurements and Crto is given by Fig. 13.

As discussed previously, 0,i,,i,(°) given by Eq. 33 is approximately independent of the
quiescent operating point of the discharge, since, as Eo/p changes, n, o and CX 0 change by
approximately equal amounts. The quantity n1 0 in Eq. 35, however, is itself approximately
independent of E0/p, although n1 0 increases slightly as Eo/p decreases. For all gases, Cx o tends
toward zero as Eol/p decreases, so that the ratio qmO/Cro increases as p increases. Conse-
quently, since EOAX = constant at higher discharge pressures, 0,i((s) tends toward 7r/2 and
GI(G<) tends toward zero, so that the modulation of q at higher pressures is negligible.

The modulation of fih, the body of fg, that is, the shape of f, in the intermediate
energy ranges in the vicinity of e,,, can be determined as follows. NO',,,o0 is the average quies-
cent number of electron-volts stored in the electron gas, and NOuOEO is the average quiescent
number of electron-volts leaving the electron gas per second, so that (RC)'-= Io/Qo gives
'Tb I = uOEO?,,, O. The angle <ew) by which the modulation imparted to the body of D

denoted f gs, lags E therefore is

<0,,b(°5 = tant | A,,,. 01 (36)

where e,, 0 can be measured via probe techniques. en,.0 in Eq. 36 increases as EO/p increases,
so that EOAX = constant implies that as the discharge pressure decreases, '(eb(bs) tends toward
7r/2 and Geb(oJ.) tends toward zero. Consequently for lower pressure the modulation of the
body of f , is negligible. Since A,,, and D depend primarily on f g b' the phase lags of edit, and
D relative to Fare given by 0,,h (co).

As shown in Fig. 10, ia depends on both the body and the low-energy tail of fg, and due
to the fil dependence (Eq. 3) fA is especially sensitive to the modulation imparted to n1.
Thus, ft can be written as f = fb + A 1, where fAb Cc i,.b and ft1/ cc h,, with h, in turn depend-
ing on ix via '0x1(0.) given by Eq. 35. Figure 14 is a block diagram of the composite phasor
transfer function Hel, (o),,m^) that relates ft = ftb + ft to E. The interpretation of the phasor
transfer functions is according to the format Eqs. 28 through 31, where in the case of H,,, Xx
is given by Eq. 33, in the case of H,1, (h.x, is given by Eq. 35, and in the case of H,,. e0, is
given by Eq. 36. In the (1/2 )Hh block, the 1/2 factor results because Mb cc FiM/2 so that, as
discussed in Appendix A, }ib c (1/2)F, nc (1/2)1Igb.
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Fig. 14 - Diagram defining the composite phasor transfer function H, (W,., "e) that relates
I/ = IM b + /1' to E

The phasor diagrams in Fig. 15 illustrate how the output f varies relative to the input E
as the pressure decreases from high to intermediate to low values. The constructions show the
phasor relationships as viewed in the reference frame of the drifting electron gas, so that, as
shown, the phasors rotate counterclockwise at the angular rate i = uok, and a phase lag is
reckoned clockwise. The primed notation is retained to distinguish between Us = uok, and
(us= vsk-, but as a matter of convenience it is not used to denote the phasors themselves,
since the spatial geometry in the various phasor constructions is independent of the reference
frame, even though in the laboratory frame their sense of rotation does depend on the striation
direction. As shown by the diagrams, as p decreases, keM,, the phase lag of ft relative to E,
decreases. According to the previously discussed dependence of <keb and 0xI on the discharge
operating point, at higher pressures Ifij and thus 1ft11 is small and ft = ftb, whereas for lowerpressures Geb and thus 1 /,I/ is small and f f /. At intermediate pressures the composite
dependence of fa on the modulations to both the body and the low-energy tail of f F must be
taken into account.

Figure 16 is a block diagram of the composite phasor transfer function Hea that deter-
mines the dependence of Ja = D - ft on E, where Heg is defined by Fig. 14. The phasor
diagrams in Fig. 17 show how the output fa varies relative to the input E as the pressure
changes. As the diagrams show, for high and intermediate pressures 1, lags E by a small angle

,ea For low pressure fa is advanced approximately in/2 relative to its position at intermediate
and high pressures.

For low pressure the direct ionization mechanism dominates, so that the phase of 1, is
determined by the phase of fr. As previously discussed, fir a /x, so that fi (dashed arrow in
Fig. 17c) lags E by 'kex. Thus (Fig. 17c) 1j lags E and fa leads E, so that fa and fi are approxi-
mately out of phase for low pressure. At high pressure, fa lags E by approximately 7T/4, and
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Fig. 15 - Dependence of I = Aib + Al on E for
high, intermediate, and low pressure

Fig. 16 - Diagram defining the composite phasor transfer function
H,, (L, me) that relates J, = D-/i to E
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Fig. 17 - Dependence of 4, = D - A on
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sure

the phase of 17 is determined by the stepwise electron-metastable ionization mechanism, which
like the direct mechanism has a simple RC response, so that 1j also lags E by approximately
7r/4. Hence fa and 17 are approximately in phase for high pressure.

Thus the formulation used in this theory predicts an out-of-phase relationship between Ja
and f1 at low pressure and an in-phase relationship at higher pressures. Other formulations,
such as Pekarek's, are essentially based on a hydrodynamic approach in that it is assumed that
the ionization rate fi is proportional to the "electron temperature" or to a, the mean electron
energy. The Einstein relation D/A = kTe/e is also assumed to be valid in that fa cc em,,, is
assumed, where A,,, is the mean value of fig. Such an approach tacitly assumes that the shape
of f, is invariant, so that the variations in the plasma parameters fi, D, and A and thus in
fa cc D/M that depend on fig is via the single parameter e,,,. It is further assumed that
X. cc EL0 /p, so that the variations of all the plasma parameters are tied to the variations in E via
the variations E imparts to e,,,. Consequently the hydrodynamic approach predicts that fa and
f1 are always approximately in phase.

The formulation used in this theory, on the other hand, is tantamount to solving the
Boltzmann equation in that taken into account are the modulations imparted to the various dis-
tinct energy ranges of f a, with each energy range having a characteristic time constant that
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depends on the types of collisions the electrons in that energy range can encounter. The
significance of this approach as opposed to the hydrodynamic approach heretofore used is that it
correctly predicts the relationship between la and fJ measured in Ref. 20 for the low-pressure
r-variety striation in neon, which relationship is that "the maximum of the ionization rate varia-
tion is approximately in opposite phase with the electron mean energy variations." This meas-
ured result was considered so puzzling, since, as noted [20], it is exactly opposite to the predic-
tions of Pekarek's theory, that the experiment was subsequently repeated by several other
researchers [21]. The out-of-phase relationship between fa and fi was observed in each of these
experiments, and one of the experimenters [20] remarked that "it appears from this result that
the tail of the distribution function, in this case, is uncoupled from the body of the distribu-
tion." The formulation used in this theory explains this uncoupling as the tail and body of fig
reacting to changes in E with different characteristic relaxation time constants, which in turn

leads to changes in the shape or form of I).

Figure 18 is a block diagram of Eq. 11, which defines the dependence of ton N, Ai, and

g',,. The figure defines the composite phasor transfer function Hne, which denotes the iterative
processes by which N uniquely determines E. The phasor diagrams in Fig. 19 show how E
depends on N for high, intermediate, and low discharge pressure. The phase of Ec relative to N
depends on ,u, which in turn is determined by the He,, branch in Fig. 18.

H ne ICoes, mnI

Fig. 18 - Diagram defining the composite phasor transfer
function H,, (ow .sn,,) that relates

E'to IV'

The dependence of fir on E is via the modulation imparted to the upper energy range of
the body of .fg in the approximate energy interval A,, < g < 2ie',,,. The average energy loss
for electrons in this energy interval of fig ,, is slightly larger than that for the entire f,, b, so that

T s the time constant for the modulation of filp is slightly shorter than T
b' the time constant for

the modulation of .t Consequently Sbes(W~s), the phase lag of fik relative to E, is somewhat
smaller than <keb(c°o-) given by Eq. 36.
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The modulation of the electron-metastable ionization rate also depends on any modulation
imparted to N,,,, the metastable density. It will be shown, however, that IN,1I is significant only
in the narrow range of pressure where the p-variety striation (resulting from metastable-
metastable ionization) is generated and is negligible in the region where the s-variety striation
(resulting from electron-metastable ionization) is self-excited. The modulation of the
metastable-metastable ionization mechanism does not depend directly on the modulation of fe
and is given by fip = 21N,,, - N. The formulation relating N.. to the other plasma parameters
will be presented shortly.

Since the net ionization frequency fi is given by f1 = fir + fis + fip and since fi 0 = faGO
for quiescent charged-particle balance, fj is given by

1 =~ 7 r± + i0s + - fip (37)ia,0 fa.0 f

Equation 37 shows that the relative quiescent contribution of a particular ionization mechanism
to the total quiescent ionization rate acts as a phasor gain in determining the effect of modula-
tions of the particular mechanism on the net ionization rate.
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Just as is the case for the charged particles, there exists characteristic production and loss
mechanisms for the metastables, so that Nm is also constrained by a conservation relation
dNm/dt = Pm - Lm, where Pm and Lm denote the volume production and loss rates for the
metastables. The production of metastables is given by Pm = KmfxN, where Km is that fraction
of the total electronic excitations that decay to metastable states. In phasor notation
Pm = f, + N. The loss of metastables is given by Lm = im Nm, where im is the net metastable
decay frequency, so that Lm = im + Nm. Using these relations in the continuity expression
gives the result

Nm = Hm (fx + Nfm) (38)

where Hm = GmOm, with Gm = cos ¢,m and , = tan-

There are four pertinent metastable destruction mechanisms, so that im= mm + fog
fen + fmd. The term imm is due to metastable-metastable collisions in which one of the meta-
stables is ionized and the other returned to the ground state. The term fig is due to
metastable-ground state neutral collisions in which the thermal energy of the neutral is
sufficient to induce a transition from the metastable state to a nearby radiating state which
spontaneously decays to the ground state. The term f, is due to electron-metastable collisions
that destroy metastables by ionizing them and by inducing transitions from the metastable
states to a multiplicity of radiating states which in turn spontaneously decay to the ground state.
The term find results from metastable diffusion to the column wall, where wall collisions deex-
cite the metastables.

Even for the maximum value of N,, in the positive column of a glow discharge the term
fmm is negligible. The terms fmg and fe,, are both proportional to the discharge pressure p, and
fid goes as p-1. Consequently im achieves a minimum, thereby resulting in a maximum of
Nm, when fmg + Lm = find This condition defines a unique value of reduced pressure (pR)*
for which Nm is a maximum:

(pR) * = 5.76 D,,1, 1/2

(pR) ~r4.2 x 1 0 5 Kem Qe,,, Km,, 01 I (9

I (eX, I EoR I R + K"Ig

where Dn t is the metastable diffusion coefficient at 1 torr, Kem and Kmg characterize the de-
struction of metastables by electron neutral gas collisions, Qe,,, is the electron-metastable colli-
sion cross section, and X, I is the electron-neutral mean free path at 1 torr. For pR < (pR) *
metastable diffusion losses dominate, and for pR > (pR) * metastable collisional losses dom-
inate. For pR = (pR)* the two loss rates are equal, with the consequence that fio is a
minimum and Nmo is a maximum.

Since fi, cc Nm and fip cc N,,2 the relative contribution of the f1, mechanism to fi increases
as PR increases above (pR) *. The fip mechanism makes a relative maximum contribution to fi
when pR = (pR)*, and the relative contribution of both the fi, and fip mechanisms are less
when pR < (pR) *, when the direct fir mechanism makes the major relative contribution to fs.
This argument in conjunction with experimental results presented later explains the previous
assignments of the direct, the stepwise electron-metastable, and the stepwise metastable-
metastable ionization mechanisms to respectively the r, s, and p striation varieties.
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Since the electron-metastable destruction mechanism is the only one modulated by the
striations, fm is given by

(40)
m = LA N +m 2 I"' 

Using Eq. 40 in Eq. 38 gives

R. = H. 1,i + I1- flm 0 |~ N I | . (41)

Figure 20 is a block diagram of Eq. 41 substituted into the relation f 1P =2N,,-N, and it
defines the composite phasor transfer function Henp that relates fip to E and N.

Fig. 20 - Diagram defining the composite phasor transfer function He,,p
that relates 4fp to F and N

The derivation of the phasor transfer functions represented by each block in the diagram
in Fig. 8 has been presented. In summary, with reference to Fig. 8, H,, models the conserva-
tion relation for ion-electron pairs and is given by Eq. 17. Hne is defined by Fig. 18 and models
the conduction and ambipolar contributions to the longitudinal electric field. Hea is defined by
Fig. 16 and models the dependence of ambipolar recombination on E via its dependence on D
and /1. Her is proportional to Hex given by Eq. 30 and models the dependence of the direct
electron-ground state ionization rate on k He,,,, is defined by Fig. 20 and models the depen-
dence of the stepwise metastable-metastable ionization rate on E and N. Hes is approximately
equal to Heb defined by Eq. 36 and models the dependence of the stepwise electron-metastable
ionization rate on k He,,x is given by Eq. 20 and models the net influx of ions into a unit
length of positive column due to divergence of the ion current through its end sections.
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USING THE MATHEMATICAL MODEL TO PREDICT STRIATION PROPERTIES

Figure 21 is a block diagram of an electrical equivalent circuit of the simplified steady-
state mathematical model for the striated positive column in which Hej denotes the transfer
function for the dominant ionization mechanism: Her for direct ionization, Hen, for
metastable-metastable ionization, and Hes for electron-metastable ionization. When the phasor
variables N, E, 17,, etc. are regarded as ac voltages, the stability properties of this electrical
equivalent circuit predict the stability properties of the positive column with regard to striations.

Fig. 21 - Simplified steady-state model of a
positive column

A resonant-wavelength striation corresponds to a net phase shift around the frequency-
translated RF-IF loop (denoted by 0 1) of 27-. The ¢/ = 27r condition causes positive regenera-
tion that leads to self-excited loop oscillations if the net loop gain (denoted by GI) is sufficiently
large. Self-sustained striations correspond to steady-state oscillations of the electrical loop, and,
as will be shown, the parameters of such striations can be predicted from the k1 = 27r, GI = 1
constraint for steady-state oscillations of the electrical loop.

Phase shifts in the RF and IF links are coherent in the sense that a phase shift 0117(s),) at
co, in the IF link is equivalent to an equal phase shift of ORF(&o) at co, in the RF link. The net
loop phase shift t/ therefore is

'P1 = 'I1F(W5) + 'PRF(t ). (42)

In the laboratory frame positive co, corresponds to anode-directed striations, negative co,
to cathode-directed striations, and w., = 0 to standing striations. Electrical loop oscillations with
the IF on either side of zero beat (with wo, positive or negative) correspond to anode-directed
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and cathode-directed moving striations, and loop oscillations with the IF at zero beat (with
o,= 0) correspond to standing striations. In the laboratory frame represented by the IF link
the sign of the 7T/2 phase lag resulting from the integration of fi, is determined by the sign of
o,, because the sense of reckoning a phase lag depends on the striation direction. Since the
electron drift velocity is greater than striation velocities, striations always appear to move in the
cathode direction when viewed from the electron-gas frame represented by the RF link. Conse-
quiently, the -7r/2 IF-link phase shift for o5 negative is equivalent to a iT/2 RF-link phase lag,
whereas the 7T/2 IF-link phase shift for co, positive is equivalent to a 7i/2 RF-link phase lead,
which in turn is equivalent to a 37-/2 RF-link phase lag.

The net result is that the X, = 2sr constraint which defines resonant-wavelength striations
can be achieved in two distinct ways: by PRF = 7r/2 or 37T/2. As depicted in Fig. 9, ORF = 7r/2
sustains anode-directed striations, and SORF = 37-/2 sustains cathode-directed striations. Since
w, = uk, - a, and uk, >> w,, » , == uk,. Since a given discharge current and pressure deter-
mines U, 'PRF(wo,) essentially depends only on X, = 27r/k,. The resonant value of X, therefore
is selected by the constraint 'PRF(w) = 7T/2 or 3ir/2.

The net loop gain GI can be written as

GI = GRF GIF, (43)

where GRF is the gain of the RF link and GIF is the gain of the IF link. Since WI = uk,, GRF
essentially depends only on X,, whereas GIF depends on Oa. Consequently, for fixed Xs GI
depends only on o,, and the G1 (w) = 1 constraint determines the value of o, that corresponds
to a given resonant value of XA for steady-state striations. The following presentation shows
how a phasor construction can be used to predict the values of X, and W, for steady-state stria-
tions.

Figure 22 is a phasor diagram that illustrates the phasor relationships between the RF-link
phasors N!', %, 17', fa, J.,, and 1,; that result in 'PRF = 37r/2 and thus in self-sustained-x-
directed moving striations. In this diagram the phasors rotate counterclockwise at the angular
rate wo, and represent the temporal variations of the various plasma parameters as seen by an
observer moving with the electron gas. Phase lags in this diagram are reckoned clockwise.
Since N' is the input to the RF link, it is along the positive real axis, and the magnitudes and
phases of the other phasors are referenced to it. The composite transfer function H0 , is defined
by Fig. 18. However, the pertinent points in the following discussion are not affected by using
the simplifying approximation H,,e = 1|2600, sO that, as shown in Fig. 22, E' lags N' by 2600
and If'j = IN'i.

The transfer functions Hej and Hea have low-pass frequency responses with corner fre-
quencies at Tejl and Tea , where Tej and' Tea are the relaxation time constants of fig in the
energy intervals appropriate for ionization and ambipolar diffusion. Consequently He, and Hea
are of the form (with j indicating either i or a)

Hej(wo, me) = Gei(.):, me)|¢Pei(o)s (44)

where

- tan- (co, r-j) (45)
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and

Geij(c, me) = Gejo(me) CoS ['Pj((:)] (46)

in which me is the modulation index of E and Gej1 o(me) is a decreasing function of me that
characterizes the nature of the nonlinearity associated with the modulation of the shape of fg
in the energy interval A ?'. As w, increases from zero (XA decreases from infinity), the tips of
fi and fa move along the indicated gain loci according to the cos ['(cos)] rolloff dictated by Eq.
46.

Figure 22 represents a discharge operating condition for which G51 o(me) > GeaO(m,) and
Tea > Tej. For any particular value of ), therefore, I1esl > I1eaa and fee lags fej by the angle

(coia(ois) = 1 S(co) -) Wea ((' (47)

where ¢ke,(w) and P0,a(w<) are given by Eq. 45. Over approximately a two-decade variation in
co, the angle Oja((o,) gradually increases as co, increases achieves a maximum for
O,= (Tea Tej) t1/2 , and gradually approaches zero for co >> 10 Te-i. Therefore, as o, increases
from zero, the phase of (fi-fa) becomes more lagging relative to E' and thus relative to N'
and 1j' - LI gradually decreases.

The phasor is given by Eqs. 19 and 20 as

- [1 (AE jR L T/21 (E' + 1') (48)

Since E' is fixed relative to N', Eq. 48 shows that the phase of fpx is also fixed relative to N'
and that 147X1I c Xs. 
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Figure 22 shows the unique resonant value of Xs such that (1j' - !) + fp, = in lags N'
by exactly 37r/2, corresponding to ORF(X,) = 3Xr/2. Since the phase and magnitude of ii -a

change gradually over a two-decade variation in Xs, ORF(X,) is most sensitive to changes in Xs
via the effect of IhpxI c A I on the phase of in. Consequently, the modulation of the ioniza-
tion and ambipolar diffusion rates have only a coarse effect on the selection of the resonant stri-
ation wavelength, whereas the modulation of the net divergence of the ion-electron pair drift
current through the end sections of a unit length of the positive column exhibits a high-Q fine-
tuning effect, thereby determining the precise resonant value of Xs.

Since GIF= IHnnI, Eq. 17 gives GIF as

GIF = a,00 / I&)s (49)

Because GIF Cc lco1-', there always exists a sufficiently small magnitude of steady-state striation
velocity lvil = lwl/ks for the resonant value of k, given by kRF(k,) = 3X7-/2 to ensure that
GI > 1 also holds.

Since all of the phasors in Fig. 22 are referenced to N', and since E' cc N', the net effect
of changing mn = IN'I is to change 11'II and Ijal relative to IN'I via the dependencies Gei o(me)
and Gea O(me). The value of mn increases via regeneration until mn is large enough to influence
1171 and hal to the extent that the 3iT/2 phase lag of fn relative to N' is disturbed, thereby spoil-
ing the ORF = 3XT/2 condition for self-sustained cathode-directed striations.

GRF can be determined from the phasor diagram as GRF = 1,;7I/hI1, and using Eq. 49 for
GIF and the constraint GRF GIF = 1 gives the steady-state value of IcoI as

'17;'
l(osl = ao ° (50)

WIR1

Using fao = (2.4/R) 2 btpDolbo and the approximations Do/,ao == 911,o and 27r = (2.4)2 in Eq.
50 gives for f, = 27r/IcoI -

Rfs yPI (PR ) II'(51)

where /i, I is the ion mobility at 1 torr, that is, ip = kp t/p, and the terms are arranged to
form reduced parameters.

Multiplying both sides of Eq. 48 by E0 and solving for EOX, gives

Eox 5 = (E0 R )2 N + E' (52)

As will be shown in the next section, the phasor diagram in Fig. 22 corresponds closely to the
actual-plasma-parameter phasor relationships in the neon column in the pR = 3 torr-cm regime
where the s-variety moving striation is spontaneously generated. In a neon discharge EoR = 4
volts [22], A,,,, := 4 eV for (pR) = 3 torr-cm [23], and /',I= 3000 cm2/V-s for the neon
atomic ion [24]. Using these values and the values IfnA/IN'l= 11 and IN' + E'l/ IfPL I = 5 as
obtained from the phasor diagram in Fig. 22 in Eqs. 51 and 52 gives E0 Xs = 20 volts and
Rfi = 4 kHz-cm, in good agreement with measured values for the s-variety striation in neon in
the upper pR region where it is spontaneously generated.
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For some molecular gases such as hydrogen the relaxation characteristics of f , are such
that the sense of the gain and time-constant inequalities that lead to the phasor diagram in Fig.
22 are reversed. Figure 23 shows the resonant condition that occurs in this case, in which
GeiO(me) < Gea.O(me) and T < T.e Since 7Tei >Tea, 1j' now lags fa for any particular value of
X,. In this case a resonant value of X, occurs when fi, lags N' by exactly ir/2. This
corresponds to ORF(X,) = 7T/2, as required for self-sustained anode-directed striations.

+ j(O
f Co

af'V

'V X. V; pa

Co 4 tea f'
S

~t
ei /e a C 'VT

/ N GejO a(m) Gea,O (me)

Fig. 23 - Phasor construction for anode-directed striations
Ja and for standing striations Ja (dashed phasor)

Large-amplitude unattenuated standing striations in molecular gases can also be clearly
understood via Fig. 23. If the values of Gei o(me) and Tej remain the same and Tea is increased
slightly while still satisfying the inequality Tea < Teij and if Gea O(Me) is decreased so that now
Geeo < Gei 5, then 17' and f stay the same and fa transitions to fas (dashed phasor in Fig. 23).
Now, fi-fa is exactly out of phase with fix, and 11'- ]s, = l.7x1. Consequently
f, = (fiQ-fas) - Pix = 0, so that from Eq. 50 lCO1l = 0. This situation also corresponds to the
limiting case in which 'PRF is on the verge of flipping 1800 from 7F/2 to 37r/2 or vice versa.
Thus standing striations are self-sustained via the same mechanism that sustains anode-directed
and cathode-directed moving striations.

The steady-state value of l), = 0 for standing striations implies that GIF= °° and
GRF = 0. As can be seen from Fig. 23, however, standing striations are actually a balanced null
condition in which slight unbalances cause a net 1,; in the proper direction (RF= 7T/2 or
ORF= 37T/2) to correct the original unbalance, so that on the average /1 = 27r, GI= 1, and
lcol = 0. This picture is supported by experiment in that observations of standing striations in
the positive column show them to be in a tenuous state in which they drift slightly toward the
anode or cathode.

Although anode-directed and cathode-directed moving striations and standing striations
appear to be markedly different in the laboratory reference frame, analyses in the reference
frame of the drifting electron gas, as in Figs. 22 and 23, make clear that they are essentially the
same phenomenon. Slight relative changes in the gains and time constants that characterize the
modulations imparted to the shape of f , result in the generation of the entire class of striation
phenomena.
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PREDICTING AND COMPARING WITH EXPERIMENT THE THRESHOLD
PRESSURES AND CURRENTS AND THE PROPERTIES OF THE p. r, AND s
STRIATION VARIETIES IN NEON

In this section the model for the striated positive column is applied to the neon discharge.
It will be shown that the model accurately predicts every feature of the multifaceted striation
phenomenon in the neon positive column, such as the values of the striation parameters for the
p, r, and s varieties, their location in the reduced-current-pressure plane, and the upper thres-
hold pressures and currents above which the striations are quenched. In addition to the meas-
urements in a pure neon discharge an experiment was performed in which trace amounts of
argon were added to the discharge. The results of this experiment, discussed in the next sec-
tion, show that the values of the Novak potentials are in no way associated with quantum-level
differences of the fill gas. The experimental results in the neon-argon admixture discharge are
also accurately predicted by the model.

Figure 24 depicts a somewhat simplified quantum-energy-level diagram for the neon atom.
The electronic configuration of a neon atom in its ground state consists of two electrons in the
Is shell or orbit, two electrons in the 2s shell, and six electrons in the 2p shell and is denoted as
the (Is 2 , 2s2 , 2p6) ground state. The fine structure of the (is2 , 2s2 , 2p5 , 3s) excited level,
which is produced by an electron transition from the 2p level to the 3s level and therefore is the
first excited level of the neon atom, consists of four discrete quantum states that are spread
over a narrow (approximately 0.2 eV) range of energies and located approximately 16.2 eV
above the ground state. Two of these states (tPI and 3 P1) are connected to the ground state by
allowed radiative transitions in the ultraviolet portion of the spectrum, at 73.6 nm and 74.3 nm
respectively. The other two states ( 3Po and 3P2) are called metastable states as a consequence
of their not being connected to the ground state by an allowed radiative transition. The second
excited level of the neon atom has the electronic configuration (Is 2 , 2s2 , 2p5 , 3p) and consists
of ten discrete states spread over a narrow range of energies and located approximately 18.5 eV
above the ground state and thus approximately 2.3 eV above the 3s level. The 3p states are not
connected directly to the ground state by an allowed radiative transition; hence neon atoms
excited to these states by electron impact must decay to the ground .state via intermediary
allowed radiative transitions in the red portion of the spectrum with wavelengths of the order of
600 nm to the 3s levels and then via the allowed radiative transitions at 74.3 and 73.6 nm to the
ground state.

The ionization level of the neon atom is at 21.5 eV above the ground state, and, although
radiative recombination of electrons and neon ions can occur by neon ions capturing electrons,
thereby forming excited neon atoms, the predominant recombination process is via radial ambi-
polar diffusion to the walls of the positive column. Neon ground-state atoms are being continu-
ously excited to metastable levels by electron-neutral collisions involving electrons with ener-
gies exceeding approximately 16.2 eV. Since these metastable atoms cannot decay spontane-
ously to the ground state, their concentration increases until the destruction of metastables, by
mechanisms such as the diffusion of metastables to the positive column wall, where they are
deenergized by nonradiative processes, brings the production-loss rate for the metastable
species into balance, thereby achieving a steady-state metastable density. The metastable
number density Nm is a function of the discharge-tube parameters current and pressure, and for
pR = (pR) *, given by Eq. 39, Nm is a maximum. Measurements in a neon positive column
show that the maximum value of Nm is about 0.01% to 0.1% of the ground-state number den-
sity Ng. The three primary ionization mechanisms for the production of atomic neon ions are
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IONIZATION LEVEL

Fig. 24 - Simplified energy-level diagram for neon

the direct ionization of a ground-state neon atom by an electron whose energy exceeds approxi-
mately 21.5 eV, the ionization of a metastable neon atom by an electron whose energy exceeds
approximately 5 eV, and the ionization of a metastable neon atom by collision with another
metastable neon atom, which results in the ionization of one and the deexcitation of the other.
The dependences on the electric field of the ionization rates associated with these three
ionization mechanisms are respectively modeled by the transfer functions Her, Hes, and He,,,, in
the equivalent electrical circuit in Fig. 8.

Figure 25 shows a comprehensive overview of the striation phenomena in neon which was
constructed from the data available in the current and pressure maps in Appendix D. As can
be seen in the overview, for lower values of reduced current IIR, in the range 0 to 5 mA/cm,
the quiet region extends over a several-torr-cm range of reduced pressure pR centered on a
value between I and 2 torr-cm. As the value of fIR increases, the quiet region is compressed
into an ever narrowing strip in the pR dimension, and for values of I/R in excess of approxi-
mately 20 mA/cm the quiet region ceases to exist. For values of pR less than approximately
0.5 torr-cm, no spatially and temporally coherent striation phenomena exist, and, as can be seen
in the many data pages in Appendix D, the various plasma parameters exhibit broadband noise-
like fluctuations. In Fig. 25 the lower boundary of the r domain marks the lower pR range for
the existence of the normal glow-discharge positive column in neon. For pR values lower than
this, ambipolar diffusion of the charged particles transitions into free diffusion.

When the discharge tube is operating in the quiet region, a wave-of-stratification or ioni-
zation wave can be generated by applying a pulse perturbation to the normally homogeneous
positive column, and the resulting ionization-wave parameters can be measured by the space-
time-display technique as explained in Appendix C.
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Fig. 25 -Overview of striation in a neon positive column with R INcm

In the experiments described in Appendix C, the quiet region in a neon positive column
was carefully mapped with regard to delineating the various subdomains within the quiet region
for the existence of the p, r, and s ionization-wave varieties and measuring the parameters of
the p, r, and s ionization-wave varieties within these subdomains. To this end, the discharge
tube was biased at various (IIR, pR) operating points which formed- a gridded pattern
throughout the quiet region, and space-time displays of the ionization wave were recorded at
each operating point. The results of this mapping are presented in Appendix D (Figs. DI
through D7). As can be seen from these displays, over some subdomains of the quiet region
two wave varieties exist simultaneously, and over a small subdomain in the quiet region all
three varieties exist simultaneously. The qualitative features of the striation overview diagram
for neon (Fig. 25) are predicted by the model as follows. The regions in the reduced-current-
pressure plane in which the three varieties of moving striations are self-excited coincide with
the regions in which the associated ionization mechanisms are relatively dominant, thereby con-
trolling the phase of the variations in the net ionization rate.

As will be shown, the different values of the striation parameters frequency and
wavelength for the r, p, and s striation varieties can be predicted by using a graphic phasor con-
struction technique. In this technique those values of Xs and fi are solved for that result in the
01 = 27r, GI = 1, constraint for self-excited oscillations of the electrical equivalent circuit via
the Her, He,,,,p, and He, branches respectively. When the operating point of the discharge tube
is biased into the quiet region, each of the three ionization mechanisms contribute approxi-
mately equally to the total ionization rate fi, and since none dominates the phase of fJI, stria-
tions are not self-excited, and the positive column is longitudinally homogeneous. If this quies-
cent state of the positive column is disturbed due to a spatially localized pulse-type perturba-
tion, ringinglike variations are induced in the three ionization rates, thereby exciting the three
distinct transient responses currently known as the p, r, and s ionization-wave varieties.
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As was pointed out following Eq. 39, the electron-metastable ionization mechanism dom-
inates at higher pressures where pR > (pR) *, and this ionization mechanism is responsible for

the s-variety striation in neon. The metastable-metastable ionization mechanism dominates at
intermediate pressures in the vicinity of (pR) * and is responsible for the p-variety striation.
The direct ionization mechanism dominates at lower pressures where pR < (pR) * and is
responsible for the r-variety striation. To compare the predictions of the model with the

striation overview diagram for neon, the fundamental constants in Eq. 39 for (pR) * must be
evaluated for neon. In Eq. 39 Dm I is the metastable diffusion coefficient at 1 torr and accord-
ing to measurements on decaying neon plasmas is approximately 150 cm2 /s [251. The value of
the electron-metastable collision cross section Qem can be estimated by a hard-sphere scattering

approximation in which the collision cross section for collisional encounters between a fast par-
ticle with radius rl, and a stationary particle with radius r2 is

Q 1 2 = 7r (rt + r2 )2. (53)

The outer electrons of the ground-state neon atom are in the 2s and 2p states with principal
quantum number n = 2, whereas the outer electron of the metastable neon atom is in the 3s

state with principal quantum number n = 3. Consequently the effective collisional radii of the
metastable and ground-state neon atoms are related by

r_ [ n,, I = 312 = 2.25 (54)

and their effective collision cross sections are related by

Qmm_ = [(rrz 2= 5 (55)

For electron-atom encounters the hard-sphere theory predicts an electron-metastable collision
cross section

Qem 4 Qtnmi (56)

so that Qen, and Qe are related by

Qemn Qmm (57)

Qeg Qgg

Use of Eq. 55 in Eq. 57 gives

Qemn = 5 Qeg, (58)

The value of Qe obtained from measurements of the scattering of monoenergetic electron
beams in neon gives Qeg = 3 x 101-6 cm2 , so that Qe,,, is approximately 1.5 x 10-15 cm2 .

Spectral transmission measurements in a decaying afterglow have shown that of the two
metastable levels in neon one state is preferentially excited to the extent that the metastable
number density of the 3 P2 state exceeds that of the 3PO state by several orders of magnitude.
Consequently, essentially the entire metastable number density in an active neon positive
column is in the 3 P2 state, and, as Fig. 24 shows, the electron energies associated with the pos-
sible electron-metastable encounters that can excite the 3P2 states to a radiating state include
the nearby 3 PI and 'PI levels, requiring electron energies of 0.05 eV and 0.2 eV respectively,
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the ten 3 p states, requiring electron energies of approximately 2 eV, and many other higher
states, with excitation energies up to and including the approximate 5-eV ionization potential of
the 3P2 states. Since the mean energy of the electron gas in a neon positive column is of the
order of 5 eV, essentially all of the electrons involved in the electron-metastable encounters
have energies in excess of 0.05 eV and thus can excite metastables to radiating states.

A rigorous calculation of the coefficient Ke/,, in Eq. 39 would involve the averaging over
all possible transitions to radiating states from the 3 P2 state of individual terms of the form

Kein j = frg Kel,. ,'P ea f K e) deaf (59)

where 8'/ is the minimum electron energy required to induce the jth transition, Ke j(9') is the
probability per collision of inducing the jth transition for an electron with energy s", and f. ,( e)
is the normalized electron-energy distribution function. Theoretical and/or experimental data
on the average value of Keem are lacking for an active discharge. However the following argu-
ment provides a good enough estimate of Keem so that the volume loss rate of metastables due
to their deexcitation by electrons can be calculated in order to ascertain the importance of this
loss mechanism relative to the other three loss mechanisms.

Figure 26 depicts the qualitative features of Ke,,,,i(3) curves for the 9, = 0.05 eV,
9' = 2 eV, and o', = 5 eV transitions. Also, an electron-energy distribution function has been
superimposed on these curves. A typical transition probability is zero for ebb 9'j, increases to a
broad maximum of about 0.05 to 0.5, depending on the particular transition, for e -' 109j, and
gradually decreases for es> I 09o. Due to the multiplicity of transitions to radiating states above
2 eV, electrons with energies exceeding 2 eV have a high average probability of inducing a tran-
sition, probably of the order of 0.7. Of these transitions roughly 25% return to the 3P 2 meta-
stable state, so that the net or effective transition probability is approximately 0.75 x 0.7 =
0.53. Electrons with energies less than 2 eV can induce transitions to only the 3 P, or 'PI states.
Assuming the K,,,1 ( f) curves for these states increase from zero at 0.05 eV toward a broad
maximum of about 0.1 at 0.5 eV implies that since the two events are mutually exclusive, elec-
trons whose energies are in the range 0 to 2 eV have a total probability of about 0.2 of inducing
a transition to a radiating state. For the values of reduced electric field of interest, namely,
1 < Eo/p < 5 V/ torr-cm, approximately 70% of the electrons have energies in excess of 2 eV,
so that the approximate average value of Kem is

Ke,n = (0.2) (0.3) + (0.53) (0.7) = 0.06 + 0.37 = 0.4. (60)

Values are known for Xe l and King in Eq. 39. The value of Xe,1, the electron-neutral
mean free path at 1 torr, is approximately 0.1 cm in a neon discharge, and Ref. 26 gives the
value of the proportionality constant King for the conversion of metastables to radiating states
via collisions with thermal neutrals as 50 s 1-- torrF1 .

There are two distinct pressure regimes in a neon discharge. Figure 27 shows the depen-
dence of E0 /p on pR for I/R = 1 mA/cm and was obtained from experimental measurements
on a neon discharge reported in Ref. 22 . For pR < 10 torr-cm, EoR = constant independent
of p, and N/p constant independent of R. For low reduced currents, namely, IIR -1 to 10
mA/cm, EoR 4 volts, so that

Eo/p = 4 (pR)-Q. (61)
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Fig. 27- Dependence of E0/p on pR for h/R = I mA/cm in

a neon discharge as reported in Ref. 22

For pR > 10 torr-cm, E01p constant independent of R, and NR = constant independent of
p. As shown in the figure, for pR > 10 torr-cm, E0dp = 0.5 V/cm-torr. As shown in the stri-

ation overview diagram in Fig. 25, the striation phenomena in neon occur in the lower pressure

regime for PR < 10 torr-cm. Thus, the value of EoR in Eq. 39 is approximately constant and

equal to 4 volts.

In the lower pR range that constitutes the (IIR, pR) domain within which the p-variety

moving striation is self-excited, namely, pR equal to several torr-cm, depending on I/R (Fig.

25), almost all of the energy absorbed from the field by the electron gas is dissipated via elec-

tronic excitation. According to Ref. 27 the mean electron energy tn for this situation is

approximately 3'./2, where X, is the first excitation potential of the neutral gas atom. Using the

preceding numerical values for D 1, Qem, Kein, Xet , Kmg, and EoR in Eq. 39 gives
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(pR)*= 4.2 torr-cm, (62)
[(IR) + 111/2 (2

where IhR is in mA/cm.

According to the model a coherent oscillation via the metastable-metastable ionization
mechanism generates the p-variety moving striation. Since fipo/fi o is a maximum for N .o a
maximum and thus for pR = (pR) *, Eq. 62 gives the locus in the (IIR, pR) plane where
fif,, fi. o is a maximum. This locus is the dashed line labeled (pR) * in the striation overview
diagram (Fig. 25) and coincides exactly with the striplike domain within which the p-variety
moving striation is self-excited. Only within this limited domain where pR is in the vicinity of
(pR) * is fi,,,o/fio sufficiently large for f1p to essentially determine the phase of fi, which is
necessary for the p-type striation to be self-excited. Thus the model correctly predicts the
region in the (I/R,pR) plane where the p-variety moving striation is self-excited.

As was discussed prior to Eq. 39, Eq. 62 for (pR) * as a function of fIR was based on the
assumption that fir,,n the rate of destruction of metastables due to metastable-metastable colli-
sions in which one of the metastables is ionized and the other deexcited, is negligible compared
with the other metastable destruction mechanisms that contribute to fm, the net metastable des-
truction rate. This assumption will now be justified for neon. The expression for finin is

fmin = 2Himm Qmm v. Nm. (63)

According to Ref. 28 approximately every fifth metastable-metastable collision results in the
ionization of a metastable, so that Hi,,,m = 1/5. From Eq. 56, Qmm = 4X/~ Qem or Qmm =
8.5 x 10-15 cm2. A known relation is v,,, = 1.8 x 105/(AW"n)1 /2 cm/s, so that for neon with an
atomic weight A W = 20, v,,, = 4 X 104 cm/s. Using these values in Eq. 63 gives

f,,,,,, = 10-10 Nm,. (64)

The maximum value of N,,, and thus of finn occurs for pR = (pR) *, which in turn occurs
when 7,, is a minimum. For a 1-cm-radius positive column Eq. 62 gives pa = 1 torr approxi-
mately independent of I for lOmA < I < 20 mA. The corresponding minimum value of fm is
approximately 1.5 kHz. The corresponding maximum value of Nm is

Nt = 2 x 105 KmCE 0 I (65)
R 2 fin

From Fig. 13a Cr = 0.8 for E0dp = 2 V/cm-torr, and according to Ref. 29 approximately
1/2 of all electronic excitations in neon decay to metastable states, so that Kn - 1/2. Using
the preceding numerical values in Eq. 65 gives

N.,, = 10"1 cm-', (66)

where I is in mA. Using this equation in Eq. 64 gives

fl,,m = 101 Hz, (67)

so that for I = 20 mA f1,,,,,, 200 Hz and the maximum contribution of f,,,n to fn is only
about 10%.
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Within the quiet region which separates the p and r domains (for IIR < 20 mA/cm) all
three ionization mechanisms contribute approximately equally to fi and self-sustained coherent
oscillations in fi,, fip, fi, are not possible, since none of the ionization mechanisms can define
the phase of fi. In the region of the (I/R, pR) plane below the quiet region, fir,,ofi.o is large
enough for fi, to determine the phase of fi, and the r-variety striation is self-excited. As will
be shown with a phasor construction resulting in the '1 = 27T, GI = 1 condition via the Her
branch, when the direct-ionization mechanism is dominant, the gain of the Her branch increases
approximately as lip 2 , so that only within the limited pR region constituting the narrow strip-
like rdomain in the (IIR, pR) plane can the 'P/ = 27r condition be satisfied.

Above the p domain is the large s domain that encompasses almost a decade in the pR
dimension. In this domain 1j, determines the phase of fi, and the corresponding phasor con-
struction will show how the 'P = 27T, GI = 1 condition via the Hes ionization branch can be
maintained over the large range of values of pR that constitute the s domain.

As reported in Ref. 22 and illustrated in the experimental results of Appendix D (Figs.
D37 and D54), for pR > 10 torr-cm the striations are quenched. This upper pressure thres-
hold observed is predicted by the model in the following way. In the upper pressure ranges the
striations are of the s variety, and the 'Pi = 27r condition via the He, ionization branch is neces-
sary for these striations to be self-excited. In this case the net phase shift Of, of the electrical
loop in Fig. 8 depends on ',ess the phase lag of 17 relative to E via the He, branch. As discussed
between Eqs. 36 and 37, 0, in turn is approximately given by 'Peb, which is given by Eq. 36.
As pR increases, Eolp decreases, and 0 decreases accordingly. Thus, in accordance with Eq.
36, for a large enough value of pR, 'Peb < 45 0 and the phase lag through the He, branch is no
longer large enough for the 'P = 27r condition for self-excited oscillations to be satisfied. The
'P _ > 45 0 criterion for self-excited s-variety striations is obtained from the phasor construction
for s-variety striations shown in Fig. 28a and discussed later.

Thus, in accordance with Eq. 36, the upper pressure threshold for self-excited striations is
determined from the condition that

27r KIMo< 1. (68)
E0 X,

As Fig. 13a shows, for Eolp < 0.8 V/cm-torr, Ce 1 in a neon discharge. Therefore, for
pR > 10 torr-cm essentially all of the energy absorbed from the field by the drifting electron
gas is dissipated via elastic collisional losses with the neutrals. Consequently, the electron gas is
in a state of elastic energy balance, and its mean energy A,,, therefore is approximately ,,mb given
by Eq. 25. Using the numerical values for neon in Eq. 25 gives

es,,, - X.. h = 9(Eop). (69)

Using this equation in Eq. 68 and solving for (pR), the upper pressure theshold for self-excited
striations, yields

(pR),= 1 87R (70)
XJiR

For the s-variety striation XJiR = 6, so that Eq. 70 predicts a threshold pR of approximately 10
torr-cm, in close agreement with the experimental data.
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Reference 30 reports on measurements of critical currents above which striations in neon
are quenched. These critical currents are quite large, of the order of 1 A for a 1-cm-radius
tube, and they were not verified in the present experiments. However, these upper threshold
currents are predicted by the model in the following way. The relaxation time constants for f g
used in the model apply only if the discharge current and thus the electron density is low
enough that electron-electron collisions are negligible. Reference 31 gives Tee, a relaxation
time constant for f e due to energy exchange via elastic electron-electron collision, as

4 x 104 Te312 seconds, (71)
Tee= Ne

where T, is the electron temperature in kelvins and Ne is the electron density in m-3 . Using
Eq. 4 for Ne and the relation 9 = kTeie in Eq. 71 gives

7.4 x 10-4 e E0 R 2 X seconds,
T ee~ 1eons (72)

Ip

where I is in mA. For I large enough that wo Tee < 1, where w, = 27Tuo/u,, the relaxation
characteristics of f1g are essentially determined by elastic electron-electron energy exchange.
Consequently the phase lags for variations in the shape of fig are now small enough that the
r = 2 iT condition for self-excited oscillations is no longer possible. Thus for Xe I = 10-1 cm
Eq. 72 predicts an upper reduced threshold current (IIR), of

3x103 g , 1/
2(Ei) 2

(hR) 1,i (73"

At these higher discharge currents, the electron-metastable ionization mechanism dom-
inates due to the large metastable density, and only the s-variety striation is generated. That
only a single striation variety exists at high currents whereas three varieties exist at lower
currents was reported in Ref. 14. From the data in Appendix D, Xs/R = 6 for the s-variety
striation, and at higher currents 9, = 3 eV and Eo0p = 1.5 V/cm-torr, so that Eq. 73 gives a
threshold IIR of approximately 1 A/cm, in good agreement with the measurements reported in
Ref. 19.

The particular values of f1 and Xs for the s, r, and p varieties of striations in neon are
predicted by the corresponding phasor constructions in Figs. 28a, 28b, 29, and 30. The depen-
dencies of f1 and Xs on the quiescent operating point of the discharge as well as the dispersion
relation cos(k,) for each of the three striation varieties is also determined from the phasor
diagrams.

The phasors in these diagrams rotate counterclockwise at the angular rate wo = 2'Tuolks
and represent the temporal variations of the various plasma parameters as perceived in the
moving reference frame of the drifting electron gas. In the case of the neon discharge, and all
other rare gas discharges for that matter, the moving striations are cathode directed, so that

ds= 21Tf, is negative. Since ljsI >> 1wcos I, is always negative, with the consequence that
cathode-directed or anode-directed moving striations and standing striations are essentially
indistinguishable in the electron-gas frame of reference. All three types of striations result in
the same high-frequency temporal variations E', and the resulting periodic modulations in the
shape of f17 in turn impart periodic modulations with various lagging phases to all of the plasma
parameters that depend on f,,. The phasor diagrams in Figs 28, 29, and 30 represent the
unique relationships between the plasma phasors that result in the GI = 1, '/ = 2iT condition
being achieved via the He,, Her, and He ,,, ionization branches respectively.
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The mechanics of the phasor constructions follow directly from the equivalent electrical
circuit in Fig. 8. The input N to the RF link is along the positive real axes, and the magnitudes
and phases of the other plasma phasors are specified relative to N. The pertinent analytical
expressions and fundamental phasor relationships that characterize the block diagram of the
mathematical model that was derived are given below:

G. fa.O0 5 .7 6 A, I K,,,,0 (74)

n Wn l I co ,IR (pR)

'Pex = tant I [2I7 [xO° 11 (75)

OPx/ = tan-[ 27T XK, nO1 (76)

'Peb = tan
t ( 2A K", 0' (77)

D K 87!g1. (78)

b c ,,, L7T (79)

ftI c ix, (80)

f Ab + f,. (81)

fa t = D , (82)

fa | 20 4 [ 2 1 (83)

EC= (1L) (N+ft), (84)

Ea0o a 2IK,,,o Lt-2J ([ + i,,, (85)E E Ea°Ea, (86)
E 0

'Ptm = tan- S. (87)
f.,0

fmO = Kmg p + 4.2 x 10KeiQe,,, K',,,0 I + 5.76 D., (88)
mg ~E0 R2Xe,1 R 2 P

Nm= [(cos'P,,i'P)] (1X + -fm) (89)

fm=f |N 2 " (90)

fem,0 14.2 x 1 0 5 Kem Qe ,,, m,1 Ip (91)
E0R 2 X et 
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and

- [ (E 0/R ) ,, (92)

Figures 28a and 28b are phasor constructions that represent the generation of the s wave
in respectively the upper and lower pR regions of the s-wave domain. The phasors N, , fa'
fi,, and i,, are shown in solid lines, and the individual phasor constructions comprising them
are indicated by dashed lines. Since the s-wave domain encompasses relatively large values of
pR, the modulation of 17 .b (the body of f,) primarily determines the characteristics of the s-
variety moving striation.

Figures 28a and 28b illustrate the following salient features. Equation 77 shows that since
K,,, o increases as pR decreases, 'eb becomes more lagging as pR decreases. The phases of D
and Ahb are determined by 'eb, and the phase of fl5 is determined by 'es < 'Peb, since f1,

depends on the upper energy range of ftgb. The phase of /I/ is given by 'PeI = 'Pex + 'PxI (Eqs.
75 and 76), but, as calculations will show, I/!/l is small for higher pressures, so that /1 has a
negligible effect on the construction. The phasor fa is given by fa = D - ft and slightly lags
fis. The phasor unbalance I1js - fa I in the ionization and ambipolar recombination rates plus
the phasor unbalance fPx in the particle drift current equals the net phasor unbalance 17, in the
charged-particle production rate. The phasor f,, leads N by exactly 7r/2, as required for a self-
sustained cathode-directed moving striation. As seen in the constructions, the precise phase of
fi, is particularly sensitive to Ifp,, which is given by

I~~ E0R It'+&I
ItpX I = (A /R ) g I E + N I * (93)

Solving this equation for Xs/R gives

XJR = R l' (94)

Figure 31 shows a data display for a 0.95-cm-radius tube, with p shown at the right as a
continuous parameter. The construction in Fig. 28a applies to the p = 4 torr upper region of
the s-wave domain, and the construction in Fig. 28b applies to the p = 2.5 torr lower region.
As can be seen from Figs. 28a and 28b, I E + N I/ IhPX I = 6 for both the p = 4 torr and p = 2.5
torr constructions. The trace of Eo vs p in Fig. 31 shows that Eo 3.7 V/cm for p = 4 torr
and Eo = 3.5 V/cm for p = 2.5 torr. Probe measurements in a neon discharge show that n,,o
= 4 eV at Eo/p 1= V/cm-torr, which is the case for pR = 4 torr-cm, and that nt,,, increases
approximately as (Eoip)t/ 4 as Eoip decreases. Thus, ',mo increases to approximately 4.3 eV for
pR = 2.5 torr-cm, where Eoip = 1.4 V/cm-torr. With use of these values E0 and Xi,0 for the
p = 4 torr and p = 2.5 torr regions gives

X JR= 46= 5.6 (95)
4

for p = 4 torr and

3 5XJiR =0 -6= 4.9 (96)
4.3
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Fig 31 Typicail data display for striations of the s, p. and r, varieties in neon

for p = 2.5 torr. These results are in perfect agreement with the measured values of Xi at 4
torr as and 2.5 torr as shown at the right in Fig. 31.

In Fig. 31 the quiet region extends from about 0.75 torr to almost 1.2 torr. Measure-
ments shown in Fig. D3 in Appendix D at p = 0.9 torr on the s-variety wave of stratification
excited in this quiet region (for I r10 mA) give Xss 3.7 cm. Figure 31 shows that 0t3.5
V/cm at p = 1 torr, so that E e/p 3.5 V/cm-torr. Thus, mob is increased by (3f5) 1/4 a - 1.u 4
and is 4(.4) = 5.6 eV in this region. Using these values in Eq. 94 gives

XJR = 3.8 6 = 3.7. (97)
5.6

Thus, the model correctly predicts the value of X, for the s-variety striation in neon and its
decrease with pressure, thereby supporting the assertion that the s-variety wave of stratification
is the transient ringing response of the electrical loop (Fig. 8) via the H, ionization branch.

Since the net phasor gain of the RF link GREF is 1f,1iilNI and the IF link gain GIF is

lao0/lw, I, the GI I condition requires that

ll fa0I& (98)
Substituting )u,-~, 3000 cm2 /s for the neon atomic ion mobility into Eq. 83 for fa,0 and using
the result in Eq. 98 gives

2.8 x I ' __ Hz. (99)
R (pR) A 

From Fig. 28a 117 I/~ for p =4 torr, and using 9', 0 = 4 eV in Eq. 99 gives

lfI 2.8 x 10'(4) 1 = 2.8 kHz (100)
4
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for p = 4 torr, in exact agreement with the measured value 2.8 kHz indicated at the right in
Fig. 31 for p = 4 torr.

For p = 2.5 torr Fig. 28b shows that fnl/NI' = 0.6, and using 9,,, 0 = 4.3 eV and p = 2.5
torr in Eq. 99 gives

If .2.8 X 1035(43) (0.6) = 2.9 kHz (101)

as compared with 3.0 kHz measured for p = 2.5 torr.

In addition to predicting accurate values of 17, the phasor construction technique clearly
illustrates the mechanism by which f, remains approximately constant throughout the entire
(IIR, pR) s-wave domain for a given-radius tube and, as shown in Eq. 99, scaling as R-1 for
tubes with different radii. Figure 31 shows that as p decreases from 5 torr to 1.7 torr, f1 for the
s wave increases but slightly: from roughly 2.8 kHz to 3.0 kHz. Such a dependence of f, on p
is clear from the phasor constructions, since even though fa cc lip, IfJIiIANI SE p, so that their
product and therefore f1 is approximately constant.

Due to the asympotical nature of the cos[tan-t (cos Tr)I function that determines the phase
lags of fj5 and fa relative to E, the phasor geometry shown in Fig. 28b for p = 2.5 torr approxi-
mately holds for p = 1. torr as well. Using p = 1 torr and ',,,.0 = 5.6 eV in Eq. 99 gives

Ifs 1 2.8 x 103(5.6) 0.6 = 9.5 kHz. (102)
1

The measured value of f5 from the data for the s wave of stratification in Fig. D3 gives f1 = 11
kHz. Thus the values of both f, and Xs for the s wave of stratification are correctly predicted
by the oscillation characteristics of the equivalent electrical circuit via the Hes electron-
metastable ionization branch. -

The dispersion relation cos(k,) for the s-variety striation can be ascertained from the pha-
sor constructions in the following way. As Xs decreases (k5 increases) at a fixed quiescent
operating point (for constant pressure), the lag 'Peb(co) increases and II117,Ii decreases in
somewhat the same manner as if the pressure had actually decreased. Therefore lWsl decreases
as k5 increases, and, since co, < 0, this means that co5,/ik, > 0, indicating an anode-directed
group velocity.

That the phasor constructions in Figs. 28a and 28b for p = 4 torr and p = 2.5 torr are
accurate constructions based on the mathematical model is shown in the following discussion.
Using KX = 17 eV and EOX, = 20 V for the s wave in Eqs. 75 through 77 gives

'ex = tan-t5 .4| C' || (103)

'Pxi = tan 15.4[ 'I JJ, (104)

and

Peb = tant'(0.3g,,, O). (105)
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Since A,,,,0 = 4 eV for p = 4 torr, Eq. 105 gives 'Peb = 50', which is the value of 'Peb in Fig.
28a.

Probe measurements show that n,,,O x lip, and from Fig. 13a Cx, a: p in the
1 < Eo/p < 3 V/torr-cm range of interest. In this range of E0/p, nxO increases from approxi-
mately 5% to 15% and Cx0o increases from 0.4 to approximately 0.9, so that nlxdOCx0O 0.17
throughout the 1 to 3 V/cm-torr range of Eo/p. Using this value in Eq. 103 gives 'Pex 45 °
independent of pressure.

However, n, 0 in Eq. 104 is approximately constant as Eo/p changes. Since f , transitions
toward a Maxwellian form as E0 /p increases, n 00 increases slightly as Eo/p increases. However,
the approximation n1 0 == 20% independent of pressure is fairly good, and using this in Eq. 104
shows that Px/ decreases from 700 for p = 4 torr to 500 for p = 2.5 torr. Thus AI lags A by
'ex + X,/ = 1150 for p = 4 torr and by 950 for p = 2.5 torr. Also, for p = 2.5 torr lI I is
increased by the factor cos 50 0 /cos 700 = 2.

Finally, using Kf = 2/3 (as for a Maxwellian distribution) in Eq. 85 gives

Ea Fa = [(0.75 12)] (R + em), (106)

as shown in the constructions.

Figure 29 is the phasor construction for the r wave, which, as shown in Fig. 31, is self-
excited in the interval 0.6 to 0.7 torr. In this interval Eo/p = 3.5/0.7 = 5 V/cm-torr, so that

=,,7 = 5 1/4(4 ) - 6 eV. For the r wave EOX, 12 V, so that Eqs. 75 through 77 give
Pex 550 ¢x/= 55 0 and Meb = 70 0. Since 'Peb 700, the modulation of the body of f . is
attenuated by approximately a factor of cos 450 /cos 700 = 2 from its value in the higher pres-
sure s-wave domain. Thus, as shown in Fig. 29, ft is primarily determined by ft,, the modula-
tion of the low-energy tail of f . Consequently fa = D - ft and fir tend to be out of phase.
Figure 29 shows that IA' + NI/lIf := 5 for the r wave, and using this value and EoR = 3.5 V
and K,,7 - 6 eV in Eq. 94 gives

XJiR = 5 = 3.0. (107)
6

in exact agreement with the measured value of Xs = 3.0 cm indicated in Fig. 31 for the r wave.

Figure 29 also shows that I/ IA/I := 0.6, and using this value and o = 6 eV and
p = 0.7 torr in Eq. 99 gives

I1 2.8 X 103(6) 0.6 = 14.5 kHz, (108)
0.7

again in exact agreement with the value of f, for the r wave at p = 0.7 torr shown in Fig. 31.

Figure 31 also shows that the frequency of the r wave increases from 14.5 kHz at p = 0.7
torr to 20 kHz at p = 0.6 torr. Thus fs for the r wave increases by a factor of 1.4 while p
decreases by a factor of (1.4)1/2 = 1.17, indicating that f1 cc 1/p2 in the self-sustained r-wave
domain. That the model predicts exactly such a pressure dependence for the frequency of the r
wave is shown in Fig. 32, where the pertinent geometry affecting 1, is expanded. The three
separate constructions in Fig. 32 correspond to the three continuous segments of the f1-vs-p
curve in Fig. 31.
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fp

+jco

Fig. 32 - Phasor construction showing how the
r-wave striation geometry changes with pressure

The quiescent value of the direct ionization rate is proportional to (Eo/p)2 . Thus, since
fio l1/p2 and fao c lip, fir,oifa,o cc lip, so that the magnitude of the (firiOfaO) fj, phasor
increases as 1/p. Since Jaj is approximately constant, J1,j increases approximately as lip, and
since f, cc fao from Eq. 98, this leads to a f1, c 1/p2 dependence for the r wave.

Thus, for the three constructions in Fig. 32, lip, I decreases as If,, I increases, and via Eq.
94 this predicts the result in Fig. 31 that X, for the r wave increases from approximately 3.0 cm
to 3.5 cm and then to 4.0 cm for the three segments of the f,-vs-p curve.

That the group velocity of the r wave is anode directed is also clear from Fig. 29, since a
decrease in X, results in a decrease in both IJal and I1irI, which in turn leads to a decrease in
11,,|. Thus, since wo, < 0 and luIl decreases as k, increases, !iwb/k, is positive, indicating an
anode-directed group velocity.

Figure 30 is the phasor construction for the p wave, which is spontaneously generated in
the p = 1.2 to 1.7 torr range (Fig. 31). In this region pR = (pR) *, so that (fen, O/fm,o) = 1/2,
which when substituted into Eq. 90 gives 17,,, = N/2 - 0,,,/4. Since 'Ps, 80°, Eq. 89 gives the
location of N,,, as lagging Jx + (N/2) by 800. Since cos 800 = 0.17,

0.17Ifx + ± RI. (109)
2

Thus N,, is approximately in phase with Nand IN,,,| I 0.25 JNI, so that fip = 2N,,, - Nis out
of phase with Nand Jp I = 0.5 JR.

For p = 1.5 torr Eo/p = 2.3 V/cm-torr, so that A,,, o = 2.31/4(4) = 5 eV. From Fig. 30
IA' + I/rlihpjI = 4, so that Eq. 94 gives

(X,/R) = 5 4= 2.8 (110)
S

52



NRL REPORT 8261

as compared with the measured value X, 3.0 cm at 1.5 torr in Fig. 31. From the construc-
tion I17,I/|| := 0.2, so that Eq. 99 gives

117,1= 2.8 X 10 (5) 0.2 = 1.8 kHz, (111)
1.5

in exact agreement with the measured value in Fig. 31.

The model therefore yields precise predictions of the striation parameters for the s, r, and
p varieties in neon and their detailed dependencies on the quiescent glow-discharge operating
point.

PREDICTING AND COMPARING WITH EXPERIMENT THE PROPERTIES OF
STRIATIONS IN A NEON PENNING DISCHARGE WITH AN ARGON
ADMIXTURE AND THE NOVAK POTENTIAL FOR STRIATIONS IN
ARGON AND HELIUM

Some of the early theories put forth in attempts to explain striations contained variations
on the theme of electrons cyclicly acquiring energy from the longitudinal electric field at one
position and losing it via ionization and or excitation at another as they drifted along the posi-
tive column. For example, Penning [3] found that EoX,, the potential across a striation
wavelength for the few standing striations that occur at the cathode end of positive columns
containing rare gases, approximately equals certain excitation potentials of the fill-gas ground-
state atoms, such as the 18.5-volt excitation potential to the 2p state in neon. Such theories
imply a correlation between the Novak potentials and certain quantum energy levels or level
differences of the fill gas. In this section an experiment is discussed in which trace amounts of
argon were added to a neon discharge. The results of this experiment are interpreted according
to the model derived in an earlier section, and they conclusively show that the Novak potentials
are not associated with quantum level differences of the fill gas per se.

The theory presented herein explains the physical significance of the Novak potentials as
being those distinct values of EOX, that result in the 'P = 27r condition for oscillations of the
electrical-equivalent-circuit model of the column (Fig. 8), via the Her, Hen,,, and Hes ionization
branches. Further evidence of the correctness of this explanation is provided by the measure-
ments presented in Appendix D, Figs. D55 through D62.

This experiment investigated the effect of adding small admixtures of argon to the neon
discharge. The Penning effect is described by the equation

Ne + Ar - Ar+ + Ne + e; (112)

that is, a neon metastable atom ionizes an argon impurity atom, producing an argon atomic
ion-electron pair and a ground-state neon atom. Argon concentrations as low as 0.1% cause a
drastic change in the relative balance between the three ionization mechanisms that maintain a
neon discharge.

The series of space-time, spectral raster, and E0 displays in Figs. D55 through D62 are the
results of measurements in a 0.95-cm-radius tube at a pressure of 1.5 torr with the current a
continuous variable (O to 30 mA) in which the concentration of the argon admixture was
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increased for each successive current scan. It is readily evident from the displays that as the
argon concentration increases, Eo decreases and both f, and Xs increase. Also, as the argon
concentration increases, the current interval within which the p wave is self-excited is shifted
toward lower values and the corresponding interval for the s wave is shifted toward higher
values. When the argon concentration was increased to approximately 0.1%, the p-variety stria-
tion was quenched, and as the argon concentration was increased to approximately 0.2%, the s-
variety striation was quenched.

These observations can be explained by the model in the following way. The displays
show that as the argon concentration increases from zero to approximately 0.2%, EO decreases
by approximately a factor of 1.25 and Xs for the s wave increases by a factor of approximately
2.5, so that EOXs increases by approximately a factor of 2: from approximately 20 V to 40 V.
Such a continuous dependence of EOs on the argon concentration cannot possibly be explained
by attributing Novak's potentials to various quantum-level differences of the fill gas or gases.
Just such a dependence of EOX, on the argon concentration, however, is predicted by the
model. As the argon concentration increases, fjs O/tf,0 decreases as the result of two separate
effects. As a consequence of the Penning ionization mechanism the discharge in the neon-
argon admixture is maintained by an additional ionization mechanism, so that as the argon con-
centration increases, the relative quiescent contribution of the electron-metastable ionization
mechanism decreases. Also, the positive ions in the discharge now consist of a mix of Ne+
atomic neon ions and Ar' atomic argon ions. The mobility of the Ar+ ion is approximately
twice that of the Ne' ion. This is because argon ions do not undergo charge-exchange colli-
sions with the neon neutrals.

In Ref. 32 the relative fraction of the Ar' ion as a function of the percentage of
admixed argon was measured by cataphoretic segregation in an active neon-argon discharge.
According to these measurements, at 0.2% argon the discharge contains approximately 50% Ar+
ions and 50% Ne' ions. Thus, for the 0.2% Ar discharge the average ion mobility is approxi-
mately

2 tLN,+ /L Ar+ (113a)

or

p= 4500 cm2/V-s. (113b)

The quiescent value of f, therefore is increased by approximately a factor of 4500/3000 = 1.5.

Figure 33 shows on an expanded scale the s-wave phasor construction geometry that
determines IfplI and thus Xs (Eq. 94) and II and thereby fs (Eq. 99). As the argon concen-
tration increases, fisoifao decreases. Figure 33 depicts the situation for 0% Ar and for 0.2%
Ar. These constructions show that as the argon concentation increases from zero toward 0.2%,
l17,,I decreases by a factor of 2.5 and InI decreases by a factor of 1.3. Both Eo and 9,m, in Eq.
94 decrease by approximately the same amount as the argon concentration increases, so that the
factor of 2.5 decrease in 1IpXj results in a factor of 2.5 increase in Xs.

As seen from Eq. 99, a factor of 1.3 decrease in If, I decreases f1 by a factor of 1.3. How-
ever, as the argon concentration increases from 0% to 0.2%, p,, increases by a factor of 1.5, so
that Eq. 99 predicts a net increase in f, by a factor of 1.5/1.3 = 1.2, in exact agreement with
the measured increase in fi.
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Fig. 33 - Phasor construction showing how the s-
wave geometry changes with argon concentration

The displays show that as the argon concentration increases, the s wave is gradually
quenched, first at lower discharge currents and then, as the argon concentration increases, at
successfully higher discharge currents until finally for approximately 0.2% Ar the s wave is
quenched at the highest currents for which measurements were made (30 mA). Such a depen-
dence can be explained as follows: fis cc No and in turn No cc I, so that the relative contribu-
tion of the fis electron-metastable ionization mechanism increases with 1. Thus the decrease in

,, /fia, o due to the increase in the argon concentration is partially overcome at larger values of
1. For a large enough increase in the argon concentration, however, the Penning ionization
mechanism dominates and the relative phase of 1j is no longer determined by flj, so that the s
wave is quenched.

The p domain shifts to lower currents as the argon concentration increases because the
additional metastable destruction rate due to the Penning effect lowers the value of (pR) #. A
lower value of I is required to balance the increase in ,,,O due to the Penning effect, so that the
p terms and l/p terms in the Am, expression (Eq. 88) are again equal.

The model also correctly predicts the values of the Novak potentials for the p, r, and s
waves in argon and helium. Table 1 shows the measured values of EoXs for Ne, Ar, and He as
reported in Ref. 14 . Also shown are the ratios of EOX, for the p, r, and s waves in argon and
helium to the corresponding value of EOX, in neon.

Figures 13a and 13b show that in the Eo/p range of interest for striations electronic excita-
tion is the dominant energy-loss mechanism in rare-gas discharges. Thus it is plausible to
assume that the relative phase between 17 and E is an invariant characteristic of a particular stri-
ation variety in the rare gases. As previously pointed out, the constraint EOX, S constant for a
particular wave variety leads via Eq. 33 to the condition that 'P(EoXs) (Z constant independent
of the exact discharge operating point for a given fill gas. It is possible then that the value of
'Pex(EOXs) has an even more universal significance than the Novak potentials in that the value
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Table 1 - Measured Values of Novak's Potentials and the Electronic
Excitation Potential for Neon, Argon, and Helium [141

EoX, EOK,

Fill (volts) Relative to Neon W.,9, Relative
Gas P r s P r s I to Neon

Neon 9.4 12.7 19.5 1 1 1 16.1 1

Argon 6.7 9.5 12.0 0.71 0.74 0.62 11.6 0.7

Helium 14.2 - 30 1.5 - 1.5 21.2 1.3

of 'P(EOXa) for a particular striation variety is not only approximately independent of the exact
discharge operating point for a given fill gas but is also approximately independent of the partic-
ular atomic fill gas.

If this hypothesis is true, the argument in Eq. 33 should be approximately constant for a
particular striation variety for all atomic fill gases:

21To [, C I constant. (114)
E0 X, I Cx 0

For the assumption that nxdoCxo = constant for the various atomic fill gases (that the same
relative number of electrons in the high-energy tail for fig are required to result in the same
relative energy loss due to electronic excitation), Eq. 114 predicts that the ratios of the Novak
potentials for the various gases should be approximately equal to the corresponding ratios of
their electronic excitation potentials. As shown in Table 1 the ratios of EOX, for the p, r, and s
waves in neon, argon, and helium are within 10% of the corresponding ratios of $x, supporting
the hypothesis that 'Pex(E 0Xs) = constant for a given wave variety independent of the fill gas.

PREDICTING AND COMPARING WITH EXPERIMENT THE CHARACTERISTICS
OF STRIATION FREQUENCY SPECTRA

The frequency spectra of the temporal variations of the plasma parameters caused by
moving striations exhibit a peculiar harmonic content. Figure 34 is a typical composite display
format as explained in Appendix C. The three displays at the right are from top to bottom the
power spectra of the discharge luminosity for discharge currents of 5 mA, 15 mA, and 25 mA.
The discharge operating point is in the s-wave region.

Previous investigators have briefly mentioned that striation spectra contain harmonic
responses and have attributed them to conventional harmonic responses generated by large sig-
nal nonlinearities. The amplitude profiles of actual striation spectra, however, are not con-
sistent with such a viewpoint. If the nth-order harmonic responses are due to a nonlinearity of
the nth degree, their amplitudes would be reduced by the factor (1/n)(mi2)n-1 relative to the
amplitude of the fundamental with modulation index m. The spectral power of the nth-order
harmonic responses therefore would be reduced by the factor (lin)2(m/2)2(n- 1) relative to the
spectral power of the fundamental response.
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Fig. 34 - Data display illustrating the higher order modes of the
s-variety striation

The amplitudes of the fundamental response in the three power spectra shown in Fig. 34
are approximately equal. The amplitudes of corresponding harmonic responses, however,
change markedly from one display to the next. Detailed analyses of other such displays in
Appendix D confirm that the relative amplitudes of the harmonic responses do not vary as M2 .
In fact, as illustrated in Fig. 34, the relative amplitudes of the various harmonic responses are
completely independent of m. Their values are, however, sensitive to the precise operating
point of the discharge.

Also, the observed amplitudes of the higher order harmonics significantly exceed the
predictions based on nonlinearities. The (lin)2(mi2)2(n-) weighting factor predicts maximum
amplitudes (m = 1), second harmonic amplitudes that are 12 dB below the fundamental for the
second harmonic, third harmonic amplitudes that are 21.5 dB below the fundamental, etc.
Thus, the maximum ninth-order harmonic amplitude would be 67 dB below the fundamental.
The 25-mA spectral display in Fig. 34, however, shows a ninth-order harmonic response that is
only approximately 20 dB below the fundamental. Superimposed on this 25-mA display is the
envelope corresponding to a harmonic weighting profile of l/n 2 , where n is the harmonic order.
As seen from this display, the harmonics of order 2, 4, 6, 7, and 9 fit this profile exactly. A
comprehensive examination of the measured data in Appendix D reveals that the l/n2 weight-
ing is an upper bound for observed power spectral harmonic amplitudes. As will be seen, the
electrical equivalent circuit of the column (Fig. 8) is such that the 'P/ = 27T condition for loop
oscillations can be achieved for integral values of n that range from 1 to approximately 10
according to the scheme 'P(wo,) = 2 7T, 01(2&w,) = 2 7T, 'P(3Ko) = 21r, ... 1, '(nWD) = 27r. These
loop oscillations correspond to the generation of spatial harmonics whose wavenumbers are
related to nco, via nk, = nMcou.

All of the higher order striations are synchronized and move at the same velocity given by
v, = wl/k,, so that they in turn cause higher order temporal variations in the laboratory refer-
ence frame at the harmonic frequencies nw,. The GI = 1 condition corresponding to the vari-
ous higher order modes of loop oscillation is achieved for a value of mn = INI such that IlI
for the nth-order mode has a maximum value of (1/n)INI, in agreement with observed spectral
responses. It is somewhat surprising that these higher order spatial modes can be predicted for
an unbounded-length system with an open-loop instability. Normally one invokes longitudinal
boundary conditions to account for higher order spatial modes, bounding the column length to
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L, for example, and accounting for higher order spatial modes via k, = n (27r/L), as was done

in Ref. 17. If such was the case, X, in a positive column for which L = IOX, would vary by

approximately 10% as the cathode-to-anode spacing was changed by X,. Experiments designed

along these lines with a movable anode, however, have shown X, to be essentially independent
of L.

The manner in which the 'P(nco) = 27r constraint for the higher order modes is satisfied
can be explained via the simplified electrical loop in Fig. 21. The phasor transfer function Hne
in Fig. 21 is defined by Fig. 18. The magnitude or gain of the He,,,a branch in Fig. 18 that

accounts for the ambipolar field is inversely proportional to X, and thus proportional to k/.

Consequently G,,e, the gain associated with Hne in the RF link in Fig. 21, is approximately pro-

portional to n. Hence an nth-order spatial harmonic with a wavenumber nk, which appears as

an nth-order temporal harmonic with a frequency nco, = nku in the RF link requires an input

of only (lin)IN'l to produce the same IA'" output from Han as the input of IN'l with the fun-
damental frequency co, = k, u.

The gain G,,, is given by Eq. 20, which defines He,,, Since G,,, cc k/, G c,,c cc n for the

higher order modes. As can be seen from the following argument, however, Gnnx cc n holds
only for n less than a certain value. Equation 20 results from the divergence operation:
V, Ip. Consequently, the relation Genx ac k, given in Eq. 20 holds exactly only if a unit
length of the positive column is of zero extent in the x direction. In order for the charged-

particle production and loss rates to be modulated within a unit length of the column as the
electron gas drifts through, the unit length must have a width Ax such that Ax > 10Xe, where

Xe is the electron mean free path. The spatial averaging of Vx IP within Ax causes the
effective value of Gen,x to be lower than that predicted by Eq. 20. The magnitude of the reduc-
tion in Ge,,r increases with n, and for values of n larger than n = n*, where no is given by the
condition X __ /2 < Ax, a unit length averages an even or odd number of half cycles of

Vx ,II. This picture predicts a tendency to select either even or odd higher order modes for

n > n*, depending on the value of Aster relative to the value of Ax. Since Ax cc Xe Ax scales
as Ax cc R for tubes of different radii at similar operating points and scales as Ax cc 1/p for
different operating conditions in a tube with a fixed radius. Consequently this picture also
predicts that the highest allowed mode number or the maximum number of modes goes as p.

The data in Appendix D support this picture in that they show a pronounced tendency
toward even or odd mode numbers, depending on discharge operating point, and show that as p
increases, the maximum allowed mode number increases. Typically, n = 3 to 4 for pr = 0.5
to 1.0 torr-cm, n = 6 to 9 as pr increases to pr = 2 to 4 torr-cm, and finally n = 10 to 12 for
pr = 4 to 6 torr-cm.

Figure 35 is a composite phasor construction that shows the relationships between N', A",
fi, Ia fp,, and jn for modes n = 1, 2, 4, and 10. For each of the mode constructions the
'P(nco,) = 27r constraints correspond to fn lying in the +jw-axis direction, or to
'RF(ncos') = 37r/2, thereby satisfying the 'P(nwc) = 27T constraint for self-excited x-axis or
cathode-directed moving striations.

In the s-wave region of the current-pressure plane Tj = Ta = T, so that the phase lags
eji (n w,) and ea (nco,) are approximately equal and are denoted by ' (nco,) in Table 2, which

gives the values of P, (ncoi) and the gain reduction factor cos On (nws) for n = 1 through
12.

58



NRL REPORT 8261

loo

Fig. 35 - Composite phasor constru,
tion for n = 1, 2, 4, and 10

Table 2 - Gain and Phase Lags for the Higher Order Modes

n (ncoTr) 'ie ("(flS tan 1 (ncoT) cos ',n(net)|

1 0.4 200 0.9
2 0.7 360 0.8
3 1.1 470 0.7
4 1.4 550 0.6
5 1.8 610 0.5
6 2.2 650 0.4
7 2.5 680 0.4
8 2.9 710 0.3
9 3.2 730 0.3

10 3.6 740 0.3
11 4.0 750 0.2
12 4.3 760 0.2
13 4.7 770 0.2
14 5.0 780 0.2
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As shown in Fig. 35, ORF(WS) = 37T/2 for the fundamental occurs for 'P(wO) = 200.

This determines the fundamental wavenumber k, = o,/u via the relation 'P I(o,) = tan 1 (w,' T)
= 200, so that coT = 0.4, and k, = 0.4/Tu. According to Fig. 35, n = 2 corresponds to

'P2 (2cow) = 360, n = 4 corresponds to 0 4 (4w,) = 550 and n = 10 corresponds to 'lo(IwoD =

74°. For n = 1 the relation l X -1 c As- determines the fundamental value of XA as that value

that results in An = (fi-fl) + frX being exactly in phase with the +jwo axis. As n increases,
(Qi-Ia) lags the +jco axis by a progressively larger angle. Since X, decreases for the higher

order modes, I4x I c c 1 increases and leads the +j1o axis by an increasing amount, so that

An= (f-Ha) + ipx remains exactly in phase with the +jco axis, thereby maintaining the
ORF(nwo,) = 37T/2 condition and thus the 'P,(nws) = 27r condition for -x-directed striations.

Heretofore it was simply asserted that the 'P,(nco) = 27r condition was achieved for

integral values of n. It appears from the higher order mode geometry shown in Fig. 35, how-

ever, that the ORF(nws) = 37T/2 condition might be achieved for nonintegral values of n as

well. The following argument shows why the higher order spatial modes lock in at precisely

integral multiples of n.

For n = 1 the 'P(now) = 2IT condition is required to exist for arbitrarily small values of

mn = IN|, so that the fundamental spatial variation at k, can build up from the noise. As was

discussed between Eqs. 42 and 43 and between Eqs. 49 and 50, this uniquely determines the

values of kA, m,,, and the sign of co,. The magnitude Jow, I is unrestrained, so that the

GI(wos, in,,, os I) = 1 condition can always be achieved. In the case of the higher order spatial
modes, however, ,cs,,,l is constrained via lws, I = nl ows. Consequently the ',(nwos, m,,) = 2ir

condition for n > 1 must be achieved for those values of nws and m,, such that the

G,(nwOS, in,, COsI) = 1 condition also holds. The net result is that in general there exists

large-signal values of m,, that simultaneously satisfy the 'P = 27T, GI = 1 condition, but these
spatial variations cannot spontaneously build up from the noise. The following argument shows

how pseudo harmonics at integral multiples of cow occur as a consequence of periodic velocity

modulation imparted to the drifting electron gas. These higher order harmonic variations in 1,

are in turn integrated by the column to produce higher order spatial variations in N whose mag-
nitudes are large enough to satisfy the 'i(nw:, Mn) = 27r condition. The amplitudes of the
pseudo harmonics are increased via regeneration, and the resulting large-amplitude harmonic

structure is self-sustained via the ',(nco, mi) = 2vT, G(ncolw in, Iw,,,n ) = 1 condition.

Since the instantaneous electron drift velocity u depends on E, and since E has a spatial

periodic structure, there is a modulation of u about a quiescent value u0 which corresponds to a
frequency modulation of the local oscillator in the electrical equivalent circuit in Fig. 21 about a

quiescent value co , 0 = uo k,. The modulation frequency wc, is the temporal frequency of E as
perceived in the reference frame of the drifting electron gas. Hence wdn = cWs and the fre-
quency modulation index Aw/(w is the perceived variation of E about its quiescent value E0 , or

the modulation index of F, so that Aws/lw = me. Since G,e cc n, men cc nmnn, where as
before n denotes the mode number and men, mn,,, etc. denote the modulation indices of the
various plasma parameters for the nth mode. The spectrum of a frequency modulated signal at
wo exhibits sidebands at frequencies w0o + pw), where p is an integer and the sideband ampli-
tudes are given by the Bessel function JP(Aw/wl). In the case at hand, coo = ws and cn =

and Aw/lw = mn,,1, so that the frequency spectrum in the RF link due to the fundamental spa-

tial variation in ion density along the column at kA consists of the fundamental responses co,
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and sideband response with amplitude J,,(m, I) at frequencies co, ± pw,, where p is an integer
and n, I is the modulation index of the fundamental spatial variation at k,. The effect of the
velocity modulation of the drifting electron gas can be incorporated in the equivalent electrical
circuit in Fig. 21 by providing a frequency-modulation input to the local oscillator that is con-
trolled by u such that WI = k, u0(1 + 0).

Unlike conventional harmonic responses due to nonlinearities, these FM sidebands or
pseudo-harmonic responses arise even if the RF signal-processing link is perfectly linear. For
example, a fundamental spatial variation at k, with amplitude n, I = 0.2 introduces a second-
harmonic temporal response in the RF link at 2w, whose amplitude is given by Mn,,2 =
J, (0.2)i,, 1 = 0.lm,, . This signal at 2w, is identical to the one that would be perceived by the
electron gas drifting with a constant velocity if a second-order spatial harmonic variation in ion
density at 2k, with relative amplitude mn,,2 = 0.1 in,, actually existed along the column. The
important point is that even for a linear RF link the signal at 2W, due to the FM effect produces
an output f,,2 at 2w, which is in turn integrated by the column'to produce a second-harmonic
spatial variation in ion density at 2k,. If 'RF(2wo) = 37r/2, this second-order spatial mode can
build up via regeneration. This larger second-order mode in turn generates FM sidebands at
2 ±, + pcw, so that it can trigger the regenerative buildup of a third-order spatial mode at 3wc,
etc.

In the case of the fundamental mode, n, builds up from an arbitrarily small value via
regeneration until the large-signal decreases in 117'l and 1Ial due to the decreasing functions
GeiO(me) and GeaO(me) no longer track, thereby tending to spoil the 0'(0w) = 2 7r condition for
regeneration. As mentioned earlier, for larger values of mn, there exist other values of WI such
that ',(w¾, m,) = 27r, but spatial variations cannot build up spontaneously from arbitrarily
small levels at these values of w. Since G,,e c n, IA'l is pushed into the large-signal regime for
all of the higher order modes as well. Since the buildup of the higher order modes is seeded
via the FM effect and by any nonlinearities that exist, in, for a higher order mode need not
build up from arbitrarily small values, with the consequence that the value of mn,,, can adjust so
as to help achieve the 'RF(nw, in,,,) condition for the various higher order modes. The
stable GI = 1, 01 = 2 7r large-signal operating points for the higher order modes therefore
depend on both the value of Mn,, and the parameters that characterize the RF link, which
explains why observed harmonic spectra exhibit marked changes for slight changes in discharge
operating point.

Two additional features of the striation spectrum can be explained by bounding the length
of the positive column to L. Instead of a pure sinusoid, the drifting electron gas now sees a
pulsed signal at Wc as it transverses the column of length L. The pulse duration is T = L/uo,
where uo is the quiescent or average electron-gas drift velocity. Independent of the value of uO,
however, the electron gas sees L/X, cycles as it transverses the column. Consequently the nor-
malized line width Afl/f, of the striation spectrum observed near the anode end of the positive
column should be given by AfJ/f, = X,/L. This agrees with observed values for tubes of
different radii. Since X, c R, decreasing R for fixed L decreases AL/ff, which is in accordance
with observed line-width ratios in tubes with smaller radii.

The striation line width Af, is given by Af 5 = X,1f/L = v,/L. Since all of the higher
order spatial modes have the same striation velocity as the fundamental, the preceding picture
predicts that Af,,, = v,/L is the same for each for the modes. It is clear from Fig. 34 and the
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other spectral data in Appendix D that Af5,, is the same for each of the higher order modes. In
addition, since X, cc R and f1, cc /R,v, is independent of R and depends only on the variety of
the striation. This is also supported by the data in Appendix D. The value of Af, for the s-
variety striation, for example, is the same for both the R = 1 cm and R = 1/2 cm tubes,
which were of the same length.

One final peculiarity of striation spectra has been observed in discharge tubes whose radii
are several millimeters or less. Figure 36 depicts the striation spectra reported in Ref. 33 for a
He-Ne laser. For discharge currents of 20 mA and 40 mA the striation spectrum is as previ-
ously discussed: singular spectral responses at fs and several higher order harmonics with equal
line widths Af,. For other discharge currents, however, each of these singular responses exhi-
bit closely spaced sidebands, as if the basic striation waveform was being frequency modulated
at a frequency f,, that is a small fraction of f1, the fundamental striation frequency. This
anomalous FM effect is observed only in tubes with small radii. In the case at hand, R = 2
mm, L = 50 cm, f, = 400 kHz, and fin = 40 kHz. As shown in the 30-mA and 60-mA
displays, when this FM effect is present, the magnitude depends on the exact discharge operat-
ing point.

00Ic

I I I (20 rA)

T 11111 lllll 111111 (30 rnA)

II II! III (35 mA)

_ _ E I |)(40 mA)

,II l I 1111 11l1 I 111 I (6.0 rnA)
0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6

FREQUENCY (mHz)

Fig. 36 - Oscillation spectrum of the discharge
current in a He-Ne laser as reported in Ref. 33
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Although the corresponding physical implications in the discharge are not entirely clear,
the existence of such a low-frequency FM effect whose presence or absence depends on the
precise discharge operating point can be explained in the following way. As previously dis-
cussed, the electron gas perceives L/X, cycles as it traverses the column 'in T = Liuo seconds.
This waveform serves as a sample function for the local oscillator in the equivalent-electrical-
circuit model of the positive column. From this viewpoint the local-oscillator output consists of
a continuous succession of these basic sample waveforms of duration T. The corresponding
physical. picture in the discharge is that as the electron gas reaches the anode end of the
column, the phase of the modulations imparted to its electron energy distribution is
transferred to the energy distribution of the electron gas at the cathode end of the column.
Such a phase coherency from one traversal of the column to the next results because the spatial
variation in ion density along the column is quasi-stationary relative to a traversal of the
column by the electron gas.

If the condition L/X, = q, where q is an integer, is not satisfied, the local-oscillator output
waveform contains phase discontinuities that occur every T seconds. This phase modulation of
the local oscillator causes FM sidebands about f, and each of the higher order harmonics nf,
whose spacing is equal to 7,, = 1iT and whose amplitudes depend on the magnitude of the
phase discontinuity. This basic picture is in accordance with the observed FM effect previously
discussed in that although X, is essentially independent of L, its value does exhibit dependence
on the discharge operating point, and only a several-percent change in X, suffices to cause LIX,
to change from one integral value to another, thereby causing the presence or absence of phase
discontinuities. This picture predicts an FM sideband spacing of 1,,, = TtI = uo/L. In the case
at hand L = 50 cm and, from Ref. 34, uo = 2 x 106 cm/s (the electron drift velocity for elec-
trons in helium). Thus, this picture predicts 1m = 2 x 106/50 = 40 kHz, in exact agreement
with observation.

The reason this FM effect exists only for small-radius tubes can also be explained by the
equivalent-electrical-circuit model of the column. The frequency response of the IF link is that
of a simple low-pass filter with a cutoff frequency of IC = fad/2Tr, where fao is the quiescent
value of the ambipolar decay frequency per charged particle. Only those disturbances in ion
density with temporal variations less than approximately f, can occur, since higher frequency
variations are attenuated by the low-pass nature of the IF link. Since faGo c IR, fIC cc IR and,
as R decreases, progressively higher frequency variations in ion density can exist in the column.
In the case at hand fm = uo/L = 40 kHz and, for the He-Ne discharge at 1.5 torr, Rf o= 600
kHz-cm, so that Rfi = 100 kHz-cm. Thus, for R = 0.2 cm, f, = 400 kHz, so that 1m < f,
and the anomalous FM sidebands are observed.

In a pure neon discharge Rfa o = 70 kHz-cm for pR 1= torr-cm, so that Rf= 10
kHz-cm. Since uo = 4 x 106 cm/s at pR = 1 torr-cm, then for the L = 60 cm tubes used in
the experiments described in Appendix C 1, = udL = 50 kHz. Since f, = 10 kHz and 20
kHz respectively for the 1-cm-radius and 1/2-cm-radius tubes, 1, > f., and the anomalous FM
effect is not predicted for these tubes.

The implication of the preceding viewpoint with regard to the positive column is that a
transient is generated in the reference frame of an observer who is moving with the electron
gas as it drifts along the positive column, because his frame is virtually instantaneously cycled
from the anode end to the cathode end of the positive column via the external circuit. As the
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electron gas drifts along the column, the particular electrons in the gas do not retain their indi-
vidual identities, since electrons are diffusing to the tube wall, being created by ionization, etc.
A particular distribution of electron energies on the other hand does retain an identity as the
gas drifts along the column. Although the FM sideband spacing is given by the reciprocal
cathode-to-anode transient time of the electron gas in support of the above argument, it might
be that the higher value of I, in small-radius tubes allows other anomalous high-frequency
oscillatory discharge disturbances such as relaxation oscillations or anode spot oscillations to
occur, thereby accounting for the observed spectra.
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Appendix A

PHASOR NOTATION AND PHASOR ARITHMETIC, CALCULUS,
AND TRANSFER FUNCTIONS

A one-dimensional sinusoidal traveling-wave variation of a quantity A (x, t) about a
quiescent value AO can be represented by

A (x, t) = AO I+ A cos((kx - cot + 'a)I (Al)

where 5A/Ao is the percentage modulation of A (x, t) about the quiescent value AO, k = 2ir/X
is the wavenumber, co = 2 7Tf is the angular frequency, and 'a is the phase. Constraining the
wavenumber to positive values (k > 0) results in co > 0 representing a +x-directed traveling
wave for which v = wi/k > 0 and positive 'Pa is a phase lag and in w < 0 representing a -x-
directed traveling wave for which v = wi/k < 0 and positive 'Pa is a phase lead.

With use of a phasor notation, Eq. Al can be written as

A (x, t) = AO(1 + A), (A2)

where a comparison of Eqs. Al and A2 defines the phasor A.

Figure Al depicts the phasor representation of A (x, t) as the projection of the rotating
phasor A on the positive real axis with the origin located at the quiescent value A,. As indi-
cated in the figure, an increase in x corresponds to a clockwise rotation of the coordinate system
with ,the phasor stationary, and an increase in t corresponds to phasor rotation in a fixed coordi-
nate system. For a +x-directed traveling wave A rotates clockwise at the angular rate co
corresponding to so > 0 and thus to v, > 0, and for a -x-directed traveling wave A rotates
counterclockwise at the angular rate co corresponding to co < 0 and thus v, < 0.

The phase angle 'a is reckoned relative to the positive real axis as shown in the figure
and represents a phase lag for co > 0 (clockwise phasor rotation) and a phase lead for W < 0
(counterclockwise phasor rotation). The phasor magnitude is given by IA I = 8AIAo = ma,
where ma is the modulation index or percentage modulation of A (x, t) about its quiescent
value.

The basic arithmetic operations for phasors (addition, subtraction, multiplication, and
division) and the differentiation of phasors are summarized in Table Al. Addition and subtrac-
tion of phasors is straightforward; the resultant quiescent value is just the sum or difference of
the individual quiescent values, and the net sinusoidal variation about the resultant quiescent
value is given by a rotating phasor that is the vector sum or difference of the individual rotating
phasors.

The expressions for phasor multiplication and division result from neglecting the second-
order crossproduct terms like A B and using the approximation (1 + B)- 1 = (1 - B), which
holds for Mb = IBI << 1.
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A(xt) = A, [1 + A cos (kx - ot + (a)]

Fig. Al - Phasor representation of A (x, 0) as the pro-
jection of the rotating phasor A on the positive real axis

The modulation indices of the phasors associated with the plasma variables encountered in
moving striations are typically 0.1 to 0.3. In any event, since the angular frequencies of the
crossproduct terms are 2wo, they do not contribute to the fundamental frequency variation of
the resultant even for modulation indices approaching unity.

One result of phasor differentiation is dA/dx = kAA I2, which leads A by ir/2 if co < 0
but lags A by Tr/2 if co > 0. On the other hand dA/dt = wOIA IT-/2 leads A for co both posi-
tive and negative, and this is reflected in the convention that the upper sign holds when w9 > 0
and the lower sign holds when co > 0. Thus, as shown in Fig. Al, the position of the phasor
dA/dx relative to A is the same for co positive or negative, whereas the position of the phasor
dA/dt shifts by Tr as co changes sign from positive to negative.

An all-pass linear gain (a constant) relating two quantities does not affect their
corresponding phasor magnitudes (their modulation indices), since both the quiescent or dc
term and the temporal or ac term are changed by equal amounts. Thus the phasor transfer
function corresponding to an all-pass linear network is unity. Nonlinear networks and band-
limited linear networks, however, change the dc and ac terms disproportionately, resulting in a
change in the modulation index or phasor magnitude. A simple low-pass network with a corner
frequency wC = T.', where Tr is the effective RC time constant (relaxation time constant) of
the low-pass network, passes the dc term unattenuated while attenuating the ac term by the fac-
tor cos '(o), where '(co) = tanl(wTd). Thus a prototype phasor transfer function correspond-
ing to a linear low-pass network Hl,,(co) is

H),,,(w)= G,(P(w), (A3)

where

GP,(W ) cos 'Pp(o() (A4)
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and

'P,,,,(w) = tan-'(WT,). (A5)

If a quantity A (x, t) is determined by a quantity B (x, t) via a nonlinear process, say a
square-law device, so that A (x, t) = [B (x, t)]2, the relation between the corresponding pha-
sors is

A (x, t) = A 0(1 + A) = [BO(1 + h)] 2

or

A0(1 + A)=B2(1 + 2B + B B). (A6)
Since B is of the form B = Mb cos wt, B Bis given by

BB=-2 mb(1+ cos 2)t). (A7)

Since the B B term in Eq. A6 is at 2wo, it does not contribute to the fundamental frequency
variation of A (x, t). However, it does produce a dc level shift of (1/2)m 2. When this shift in
quiescent level is taken into account, Eq. A6 becomes

Ao(l + A) = B2 [|1 + 2 mib2 + 2BJ

or

A0(1 + A) = B2 |1 + I m,2J f1 + +2 |B{ (A8)

Thus, according to Eq. A8, the phasor transferfunction Hald corresponding to an ideal square-
law device (one that exhibits an all-pass frequency response and whose square law holds for
arbitrarily large modulation indices) is

Hld= 2 (A9)
1 +m

2

where m is the modulation index of the input phasor. Equation A9 shows that the phasor gain
of an ideal nonlinear device is a decreasing function of the input modulation index. In the case
at hand, where the nonlinearities are a consequence of the modulation characteristics of the
shape of the electron energy distribution function, a certain degree of nonlinearity holds only
for modulation indices below a given value. For indices that exceed this value the degree of
nonlinearity is reduced. Thus, as m increases, the phasor gain corresponding to the nonlinear
modulation characteristics of f. decreases, as the result of increases in the dc level and reduc-
tions in the degree of nonlinearity.

A general prototype phasor transfer function that characterizes the modulation of a plasma
parameter that depends on f,. can be written as

Hej(wo;, mi) = GeJ(w ome)I'Pei(wi), (A10)
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where

(a)') = tan1(OiTe,) (All)
and

Gej( Ws, Mi) = Gej 0o(me) coS 'Pej(~s). (A12)

The subscript ej denotes that the modulation of the j th plasma parameter depends on the
modulation of the longitudinal electric field E via its modulation of the shape of f1g in the par-
ticular energy range AK , on which the j th plasma parameter depends. The arguement Ws is
the striation frequency in the reference frame of the drifting electron gas, and Tej is the
effective RC or relaxation time constant for modulations in the shape of fig in the energy inter-
val A' ,. The argument mi is the modulation index of E, and Gejo (mi) is a decreasing func-
tion of m, similar to Eq. A9 that characterizes the nature of the nonlinearity associated with the
modulation of the shape of fig in the energy interval AK j.

Table Al - Arithmetic and Calculus of Phasors
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* Addition/Subtraction

[A (x, t) ± B(x, t)] [(A0 ± BO) + (AoA ± BoB)]

* Multiplication

[A (x, 0 ) B (x, 0) I= (AOB,) (I + A + B

* Division

[A (x, t)/B(x, t)] = (AO/BO)(I + A - b)

* Differentiation

dA (x, t)/dx = AodA/dx =AokA X,/2

dA (x, t)/dt = AOdA/dt = AolwIA !IA-72, w > 0

= AOIowIA7T/2, w) < 0



Appendix B
STRIATIONS IN RF EXCITED POSITIVE COLUMNS

Standing striations occur in the positive column of not only a discharge energized by a dc
current source but also a discharge energized by an RF current source. To efficiently couple
energy to the electron gas, the frequency of the RF source fo is significantly lower than fC, the
average electron-neutral collision frequency. An electron drift velocity is established within
several times the electron-neutral collision period f1, I- 1 ns in a typical glow plasma. Since
fo<<fC, an electron drift velocity is established during a half cycle of the RF current source, so
that during each half cycle the energy transfer mechanisms between the instantaneous RF fieldd
and the electron gas are essentially the same as those that were previously discussed for the dc
column: elastic and inelastic collisions. For an RF source, however, the distance ud12 f, along
the column that the electron gas drifts during a half cycle is only a fraction of a centimeter.

The electron-energy time histories in Figs. 11 and 12 represent also the situation in an RF
discharge, but unlike the dc case, where a net increase in electron energy corresponds to the
electron's net displacement along the column, electrons in the RF positive column cycle
between the low-energy and high-energy tails of 1f,. while remaining in the same unit length of
column. Since uo = 0 for an RF discharge, the electron gas does not see a time-varying field at
w, = uok, by virtue of its drift along a spatially varying field; rather it sees the appied RF field
at frequency fo. The various relaxation frequencies associated with the modulation of fg are
less than fo. Consequently the magnitude of the temporal modulation of f" due to the applied
RF field is negligible; that is, fi does not respond to the instantaneous RF field but rather to
its rms value. In an RF discharge the shape or form of fig depends on ErmJp in essentially the
same manner as the dependence of the form of fi on Eo/p in a quiescent homogeneous dc
discharge.

As previously mentioned, since fo << fC, the drift velocity of the electron gas follows the
instantaneous applied RF field, so that the instantaneous conduction current along the positive
column JC is proportional to the instantaneous RF field. Since fo << 1p, where ,p is the elec-
tron plasma frequency, Vx JC = 0, and the argument leading to Eq. 6 holds for the RF case as
well. EC now refers to the spatial variation along the column of the rms value of the conduc-
tion electric field that occurs when standing striations are present. Figure BI shows the
required spatial relationships among the rms values of the various plasma parameters for the
generation of self-sustained standing striations along the RF column.

Substituting dN/dt = 0 into the equation for the conservation of charged particles in a
unit length of the column (Eq. 16) gives

P (x) -L (x) = Vx p J,(x), (B1)
where P = fiN, L = faN, and Jp is the longitudinal ambipolar diffusion current of ion-electron
pairs away from regions of a relative maximum in p, = eKIg',,,N, the partical pressure of the
electron gas. J,, is given by JP = /ip NEa, and, using Eq. 8 for Ea, the longitudinal ambipolar
electric field due to pressure gradients in the electron gas, in this expression for Jp yields
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Fig. B1 - Phasor diagram illustrating the spatial
variations of the plasma parameters in a striated
RF positive column

J,(x) = Kfg,, Vx [ W(X) N(x)]. (B2)

Finally, substituting Eq. B2 into Eq. BI, writing the result in phasor notation, and equat-

ing like terms yields PO = Lo, so that fiONO = faoNo, and yields the phasor transfer-function

relation

fig-ha~~ = Rkf|2 12 1]( + N-(

If a certain steady-state spatial variation N in charged-particle density with wavelength

As= 27r/k, is to exist along the RF column, Eq. B3 must be satisfied. The left-hand side of

Eq. B3 represents the net effect on the charged-particle balance along the column due to spatial

variations in the ionization rate and the radial ambipolar recombination rate. The right-hand

side represents the net effect on the charged-particle balance due to diffusion caused by tem-

perature and density gradients along the column.

Since fig responds only to the rms value of applied field, the electron gas in the unit

length at position x along a striated RF column sees a constant value of E./p, where the rms

value EC is like an effective dc value. Thus, as shown in the phasor diagram in Fig. Bi, the

spatial modulations of the various plasma parameters that depend on ftg are either exactly in or

out of phase with F,, since their dc dependence on fig is either one of proportionality or

inverse proportionality.

In the steady-state situation depicted in Fig. BI , N and ft are out of phase with FC, and

|N| = t11 '= ICI/2. This relationship is dictated by the requirement that

A'C = (1 I)(N + ft), D is in phase with E,., and hI = ItACI/2, so that fa = D - ft is in phase

with EC and Ial '= |IE. Since A,,, cc E,./p, A,,, is in phase with AC and I ,,,I - IAC,. Also, fj
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is in phase with A'C and L171 3/21A'CI, reflecting the fact that 17 is a more sensitive function of
ECip than is g ,,,. Thus fi - is in phase with AC and J17 - I = ItC 1/2.

The left-hand side of the charged-particle balance equation, Eq. B3, therefore lies along
the positive real axes and has a magnitude lACI/2. Since ir,,, and N are out of phase and
I 91 I ~= 21N1 = IA'CI, the right-hand side of Eq. B3 also lies along the positive real axes and
has a magnitude Kf(Rk/,2.4) 2 I'CI/2. Equation B3 is satisfied therefore for a striation
wavelength given by X,/R = 2.6 K,11 2. Using K, = 2/3, as for a Maxwellian distribution, gives
XJ/R = 2, which agrees with the measurements in an RF discharge reported in Ref. 35

Solving Eq. B3 for X,/R gives

A /R = 2.6Kf12| g :nNl | |/2 (B4)

which shows how the exact value of X,/R depends on the precise magnitude relationships
between the phasors A'ZZ, N, fi, and fa.

The ionization rate exceeds the recombination rate in regions of higher EC, so that the
denominator in Eq. B4 is equal to the net charged-particle production rate in regions of higher
EC The numerator of Eq. B4 is due to the difference between the thermal diffusion of charged
particles away from regions of higher electron temperature and their diffusion into regions of
relatively lower density. As shown in Fig. Bl, the thermal diffusion exceeds the density-
gradient diffusion by an amount that depends on X,/R. The value of X,/R therefore is deter-
mined by the condition that the net loss rate due to diffusion is exactly compensated by the net
production rate due to ionization.

That the RF positive column has inherent instabilities which lead to the spontaneous gen-
eration of the striated column represented by Fig. BI can be seen from the following argument.
An increase il E, at some localized position along an initially homogeneous RF column leads to
increases in ,,,, fa, and fi after a time delay of the order of Tr, where T, is the relaxation time
constant of fg. Changes in N follow the ambipolar decay time constant Ta, and since
Tr << Ta, the initial change in N is negligible. Since the percentage increases in g' ,,, and Ia are
approximately equal to that of EC, whereas the percentage increase in fi is only slightly larger
than that of EC, the net increase in charged-particle loss rate due to thermal diffusion plus the
increased recombination rate exceeds the increase in production rate due to ionization, so that
there is a net loss of charged particles from the position of increased EC After a time delay of
the order of Ta, N decreases at the position of maximum EC and, due to the thermal diffusion,
N increases in the regions adjacent to the position of increased Es Since EC is inversely propor-
tional to N, this causes a decrease in EC in these adjacent regions, which in turn causes a
decrease in 9,, and a corresponding increase in A. Since EC is also inversely proportional to tt,
a regeneration develops in that an initial increase in EC leads to a decrease in EC in adjacent
regions, which in turn increases tL, leading to an additional decrease in EC in the adjacent
regions. Thus, ',,, is further decreased in these regions, resulting in an inflow of charged parti-
cles due to thermal diffusion from the outer set of adjacent regions centered on the original dis-
turbance. The thermal diffusion from these outer adjacent regions causes a reduction of N in
these regions, thereby increasing EC and s',,,, which in turn further intensifies the thermal
diffusion from these regions, leading to further reduction in N in these regions. This process
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continues until the entire RF column is striated, and the percentage variation of the plasma
parameters (the corresponding phasor magnitude) increases until the steady-state condition dep-
icted in Fig. Bi is obtained.

In the dc column the drifting electron gas makes adjustments in fi and Ia that tend to
neutralize any intial spatial disturbances in N. Due to the relaxation time constants T7r associ-
ated with the adjustments in fg, however, these corrections lag the initial disturbances by a
delay that depends on the value of co = uOk, relative to T7 1. There exists a resonant spatial
frequency k, such that the corrections to an initial disturbance at k, lag by exactly 7r/2 or by
37T/2, thereby causing a regenerative buildup of the initial disturbance in the form of moving
striations. Thermal diffusion plays a negligible role in the self-excitation process in the dc
column, since modulations in ,,, are significant only at high pressure, and even then ' ,,, only
slightly shifts the phase of F relative to N. In the RF column, however, thermal diffusion is
the destabilizing mechanism resulting in the spatial regenerative buildup of standing striations.
In the absence of thermal diffusion an increase in EC would result in a net increase in charged-
particle production rate, resulting in an increase in N, which would cause a decrease in E,
thereby correcting the initial deviation in E,
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Appendix C

EXPERIMENTAL TECHNIQUE AND APPARATUS FOR THE
MEASUREMENT OF STRIATION PARAMETERS

In the experiments described in this appendix the parameters of the striation phenomena
in a neon positive column were measured and displayed in a systematic manner throughout the
entire regime of reduced current and pressure in which they occur. The striation parameters f,
X,, and v, were measured in four neon positive-column glow-discharge tubes with different
radii. The measurements were with current as a continuous parameter and pressure a discrete
parameter and with pressure as a continuous parameter and current a discrete parameter. In
this way, the entire regime of reduced current and pressure (IIR, pR) in which striation
phenomena occur was comprehensively investigated.

Several state-of-the-art measuring techniques in plasmas were modified for incorporation
into an automated facility for measuring striation parameters. This facility could record and
display in a compact format all of the pertinent striation parameters, and their variation with the
discharge parameters reduced current and pressure, over the entire two-dimensional reduced-
current-and pressure region (fIR, pR) of interest. A block diagram of the measurements facil-
ity is shown in Fig. C1.

Two RCA 7102 photomultiplier tubes (photomultipliers 1 and 2 in Fig. Cl) with neutral-
density filters were used to detect the modulation in sidelight intensity produced by the moving
striations. A 15-mm-diameter lens with a focal length of 15 mm was used in each of the pho-
tomultiplier optical imaging systems. The optical imaging geometry was chosen so that the
image magnification was 10, and since the active-area diameter of the 7102 photomultiplier tube
is 30 mm, a longitudinal spatial resolution along the x axis of the discharge tube's positive
column of 3 mm was achieved. This provided a minimum resolution of XA/10 for the smallest
diameter positive column investigated. Photomultiplier 1 was maintained in a fixed position
near the anode end of the positive column. Photomultiplier 2 was mounted on a motor-driven
carriage, and a dual ganged potentiometer supplied analog signals which were proportional to
the position of the carriage along the length of the discharge tube's positive column.

The discharge tubes consisted of positive columns constructed from Pyrex medium-wall
tubing 60 cm long, a 3-by-15-cm cylindrical titanium cathode, and a nickel pin anode. The
same cathode was used for each of the four positive columns of different radii. In the largest
diameter discharge tube (R = 0.95 cm) nickel pin plasma probes were inserted at the anode
and cathode ends of the positive column to monitor the total potential across the positive
column. This potential is a measure of the longitudinal space-charge electric field E0 averaged
over the entire length of the positive column, and its value was recorded as a function of the
continuous variables current and pressure as the striation parameters were mapped over the
reduced-current-and-pressure plane.

After the complete series of measurements on a positive column of a specific radius was
completed, the discharge-tube cathode was abrasively cleaned, the newly constructed tube was
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Fig. Cl - Experimental apparatus

operated with an oxygen discharge, and the tube was pumped for at least 24 hours. During

each complete series of measurements the discharge tube was permanently connected to the
vacuum system, which used a zeolite trap for water vapor. After each 1 to 2 hours of operating

time during the measurements on a positive column of a given radius, the zeolite trap was out-

gassed, and the discharge tube was baked and pumped overnight. For each measurement the

discharge-tube pressure before filling was of the order of 10-7 torr, so that the impurity concen-
tration was less than several parts per million.

The current controller consisted of a pentode which used negative feedback from a
cathode resistor to achieve and effective source impedance (A + l)Rk of several megohms.

The magnitude of this current source was controlled by an analog signal applied to the bias cir-

cuit of the pentode control grid. The current controller effectively isolated the discharge tube
from the external circuit parameters, so that to a high degree of accuracy the discharge current

could be considered an independent variable.

74



NRL REPORT 8261

Some earlier experiments used an external ballast resistor in series with a high-voltage
power supply to excite the discharge tube. However, due to the interaction of the current and
voltage of the discharge tube and their effects on the striation parameters being measured, an
extremely-high-impedance current source must be used to excite the discharge tube if the true
dependence on current and pressure of the striation parameters is to be measured.

Oscilloscope 1 produced a televisionlike display of the spectral content of the discharge"
tube's positive-column sidelight intensity modulation. This display technique is similar to that
reported by H. Lashinsky [36]. In this experiment, however, the raster was generated by an
analog vertical sweep voltage which was proportional to the position along the discharge tube of
photomultiplier 2. As shown in Fig. C1, the time axis of oscilloscope 1 was synchronized to the
sweep rate of the spectrum analyzer. The beam of CRT 1 contains the spectral information in
the form of intensity modulation, and while the raster was being formed, it was photographed
by an oscilloscope camera operated in the time-exposure mode.

The spontaneously generated moving-striation frequencies and their dependencies on
current and pressure were not known a priori. In this instance the spectral-raster display was a
good detection technique, since considerable signal-to-noise enhancement results from the opti-
cal averaging performed by the phosphorescent coating on the oscilloscope CRT and the photo-
graphic film. The scan speed of the motor-driven photomultiplier tube was such that the verti-
cal sweep rate of the oscilloscope was 1 mm/s. The effective resolution of the CRT was 0.1
mm. The sweep rate of the spectrum analyzer was 10 ms/sweep. Thus the intensity informa-
tion present in each horizontal resolution cell of the CRT was the result of an average over ten
samples of the input signal. The time interval between samples was f1 1 Ims, so that for
noise whose power spectral densities extend over intervals larger than 1 kHz the samples are
essentially independent. Since the striation frequencies being measured exceed 1 kHz, the
bandpass noise in their vicinity was decorrelated from one scan of the spectrum analyzer to the
next, so that an integration improvement factor of approximately 3 was obtained for the ten
sweeps comprising one verticaf resolution cell of the CRT. The final optical averaging depends
on the ability of the eye to recognize the signal against the gray noise background.

Oscilloscope 2 displays a so-called space-time diagram of the striation phenomena. The
space-time display technique used in this experiment is an extension of the one first reported
by Stirand et al. [37] for measurements on the wave of stratification. As used in this experi-
ment the technique essentially displays the propagation in the space-time plane of the striation
phase fronts as they propagate along the x axis of the positive column. Wave shaper 2 produces
a narrow pulse which is coincident with the zero-crossing time of the positive-going edge of the
input signal to photomultiplier 2. The time sweep of oscilloscope 2 is triggered by the output
signal from photomultiplier 1 when recording space-time histories of moving striations and
from the current pulse trigger [38] when making space-time diagrams of a wave of stratification.
For both types of measurements the vertical sweep is controlled by the analog position signal
from the motor-driven carriage. Wave shaper 2 intensifies the beam trace on CRT 2 when
motor-driven photomultiplier 2 detects the zero crossing of a positive-going signal.

Thus, for a periodic traveling-wave perturbation whose velocity is directed toward the
cathode, the space-time display diagrammed in Fig. C2 results. For an artificially excited wave
of stratification whose striation velocity u, is directed toward the anode and whose striation
packet velocity v, is directed toward the cathode, the space-time display diagrammed in Fig. C3
results.
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ANODE

X

TIME

Fig. C2 -Space-time display Of a periodic moving
striation whose velocity is toward the cathode

ANODE

DISTANCE

CATHODE

TIME

Fig. C3 - Space-time display Of a wave stratification whose stria-
tion packet velocity (group velocity it/) is toward the anode and
whose striation velocity is toward the cathode
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The space-time displays were also photographed as they were being formed by an oscillo-
scope camera operating in the time-exposure mode. Approximately 60 seconds were required
to complete one vertical scan of the 6-cm CRT face.

Photomultiplier 2 scanned a 25-cm-long segment of the positive column near the anode
end of the discharge tube which corresponded to a single scan of the 6-cm CRT face. As
shown in Fig. C4, the striation amplitude along this segment of the positive column was essen-
tially constant. As reported by Cooper et al [19], any changes in the striation wave parameters
due to operating the discharge tube near critical values of reduced currents or pressures where
striation parameters exhibit thresholds or change abruptly are initially observed near the
cathode end of the positive column.

AMPLITUDE

25-cm

SEGMENT

-

/

CATHODE ANODE

Fig. C4- Moving striation amplitude as a function of
distance from the anode

As photomultiplier 2 traversed the 25-cm segment along the positive column, the
position-current control signal swept the discharge-tube current through a 10-mA interval, and
for each successive 10-mA increment of discharge-tube current photomultiplier 2 was re-
scanned over the same 25-cm segment of the positive column. The 1/2-cm/s scan speed of
photomultiplier 2 resulted in a 0.2-mA/s sweep rate for the discharge-tube current. Three
scans of the 25-cm positive-column segment were required to measure the dependence of the
striation parameters on the independent variable, current, throughout a 0-to-30-mA range, a
separate time exposure being required for each 10-mA increment. Thus, current was a con-
tinuous parameter, and the procedure was repeated for each value of the discrete parameter,
pressure.

The same sort of measurements were made with pressure as the continuous parameter
and current the discrete parameter by sweeping the pressure over approximately a 3-torr inter-
val for each 25-cm scan of the positive column. The resulting pressure sweep rate was about
0.05 torr/s.
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The spectral-raster and space-time display techniques both considerably enhance the
signal-to-noise ratio compared with that of direct observation of the temporal variations in a

discharge tube energized by a voltage source and a ballast resistor, which was the observation

method used by some earlier investigators. Figure C5 shows that the space-time display offers

more signal-to-noise enhancement than does the spectral-raster display. Over the 15-to-30-mA
current interval the signal is barely distinguishable from the broadband noise on the spectral-

raster display, whereas on the space-time display not only is the presence of the signal readily

apparent, but its parameters Ia, X1, and v5 are also easily measured. The space-time display

exhibits superior performance because it more closely approximates quasi-matched-filter detec-
tion, which approaches the optimum detection scheme for a sinusoidal signal in broadband

noise. As shown in Fig. C6, from the standpoint of the total display generated the spectral-

raster technique is somewhat analogous to a low-pass filter with a cutoff frequency given by the

full-scale frequency setting of the spectrum analyzer, whereas the space-time display is more

like synchronous detection and thus analogous to a bandpass filter whose center frequency is

determined by the time sweep rate of the oscilloscope. Of course one must have more accurate

initial information of striation frequency in order to correctly adjust the sweep rate of oscillo-

scope 2 to make the passband of the space-time display coincident with the striation frequency
being measured.

CATHODE 0-.

E 5 -

15- , Fig. CS - Comparison of the
E U of f t0 space-time (left) and spectral-

o a 20 - raster (middle) display techniques

ANODE 30 - AL-

TIME- FREQUENCY- FREQUENCY- 

0.2 ms/DIVISION 2.5 kHz/DIVISION 2.5 kHz/DIVISION

POWER
SPECTRAL
DENSITY

SINUSOIDAL SIGNAL AT f5 = 3.0 kHz

EFFECTIVE LOW-PASS
RESPONSE OF THE

Fig. C6 - Effective passbands of the space-time and SPECTRAL-ROSTER EFFECTIVE PASSBAND OF THE

spectral-raster detections for the displays in Fig. CS DISPLAY TECHNIQUE SPACE-TIME DISPLAY TECHNIQUE
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The facility described in this appendix was used not only for measuring and recording the
striation parameters f, XA, etc. over the (IIR, pR) domain in which striations exist in pure
neon but also for several other experiments in which various trace impurities such as hydrogen'
and argon were added to the neon fill gas.
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Appendix D
EXPERIMENTAL RESULTS

The data in this appendix (Figs. DI through D62) are categorized by the radius of the

discharge tube's positive column, and they consist of photographic and strip-chart recordings of

displays that were generated with the aid of the automated facility described in Appendix C for

measuring striation parameters. The striation parameters frequency f5, wavelength XA, .and
velocity v, for any value of discharge-tube current I and pressure p, can be read directly from

the spectral-raster and space-time photographic records by following the formats shown in Figs.

C2 and C3. Also, by referring to the appropriate data displays in this appendix, the variation of

the striation parameters, f, XA, and v5 as a continuous function of the independent discharge-

tube variables current and pressure can be ascertained over the entire regime of current and

pressure mapped.

The displays in Figs. D8 through D62 are oriented so that one can follow across from a

specific value of one of the continuous parameters, current or pressure, and observe the stria-

tion spectrum from the spectral-raster display and the striation parameters f5, AK, and va from
the space-time display. When current is the continuous parameter and pressure is the discrete
parameter, a photograph of the spectrum analyzer CRT is displayed for currents of 5 mA, 15

mA, and 25 mA. By comparing these photographs with the adjacent spectral-raster displays, the

relative magnitudes of the striation spectral components at other currents in the interval 0 to 30

mA can be estimated.
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Fig. DI - Display for current I = 15 mA, pressure p = 0.9 torr, and radius R = 0.95 cm
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Fig. D3 - Pressure p = 0.9 torr and radius R = 0.95 cm
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